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Abstract:

In this paper, we study a new type of complexity for infinite words, called privileged
complexity. We apply this concept to the ternary Thue-Morse word. First, we present properties
of the return words in the ternary Thue-Morse word. Then, we study the privileged words of
this infinite word. Finally, we derive a recursive formula that allows us to determine the
privileged complexity function of this ternary word.
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1. Introduction

The Thue-Morse word t, is the fixed
point of the morphism pu defined over
{0,1} by p(0) = 01 and p(1) = 10. This
word has been extensively studied in
combinatorics on words and has been used
to solve several problems in number theory
(see [1-5]). In an infinite overlap-free word
u, the return word of a factor v that

appears at least twice in u is the word w

* Corresponding author:

such that wo is a factor of u starting with
v and containing exactly two occurrences of
v. In this case, the word wuv is called a first
complete return word in u. Privileged words
are defined recursively as follows: the
empty word and every letter of a given
alphabet are privileged. A finite nonempty
word v of length at least 2 is privileged if

and only if it is the first complete return of
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a nonempty privileged word.

The privileged complexity function of
an infinite word u counts the number of dis-
tinct privileged words of a given length in u.
In [6], the authors studied the palindromic
factorization of words and established a con-
nection to privileged words. In [7,8], it is
shown that, in a rich finite or infinite word,
each nonempty factor w is a palindrome if
and only if w is privileged. The notion of
a first complete return was used to charac-
terize palindromic factors, which made it
possible to show that the set of palindromic
factors is the same as the set of privileged
words in a rich, infinite word (see [9]).

A recursive formula describing the privi-
leged complexity function of the Thue-Morse
word was established in [10]. The author
shows that this function is unbounded and
that its values contain arbitrarily long se-
quences of zeros.

A natural generalization of the Thue-
Morse word over a three-letter alphabet was
introduced in [11]. This is the word t3 gen-
erated over {0,1,2} by the morphism pus,
which is formalized as follows:

ps(0) = 012, p3(1) = 120 and p3(2) = 201.

In [3], the authors studied the separator
factors of t3 and showed that any factor of
this word has 7,8 or 9 return words. The
recurrence function of t; was also studied
in [12].

Our goal is to generalize the results
on the privileged complexity function of t,
from [10] to t3. Thus, the main contribution
of this paper is a complete recursive formula
for computing this complexity for ts.

This paper is organized as follows: First,
in Section 2, we provide some useful defi-
nitions and notation. Section 3 provides
properties of the privileged words of t3. Sec-
tion 4 concludes by establishing a recursive
function for computing the privileged com-
plexity of t3.

2. Definitions and notation

An alphabet A is a finite set of symbols
whose elements are called letters. A finite
word over A is a sequence of letters. To the
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empty sequence corresponds the empty word,
denoted by €. The set of all finite words over
A is denoted by A*. The set of non-empty
words over A is the set AT = A* — {c}. A
natural binary operation on words is con-
catenation. Thus, under this operation, A*
is a free monoid over A. For a given finite
word u, the length of u is denoted |u|. An
infinite word is sequence indexed by the nat-
ural numbers with values in A. We write
concisely u = ajasaz - -- with a; € A. The
set of infinite words over A is denoted A“.

A finite word v is a factor of the finite

or infinite word u if there are w € A* and
z € A*U AY such that u = wvz. If w =¢
(resp. z =€) , then v is a prefix of u (resp.
suffix of u). Let u, vy, ve, and w be finite
words such that u = vywvy. We say that w
is median factor of u if |vi|= |vel.
Let v be a factor of u and a € A. We say
that v is right (resp. left) prolongable by a,
if va (resp. av) is still a factor of u. The
factor v is said to be right (resp. left) special
if it admits at least two right (resp. left)
extensions. In this case, va (resp. av) is
called a right (resp. left) extension of v in
u. It is called bispecial if it is both right
and left special. An infinite word u is said
recurrent if each of its factors appears an
infinitly times. When a finite word v begins
(resp. ends) with a letter a, we define a v
(resp. va~!) as the deletion of the first (resp.
last) letter of v.

A morphism f is a mapping of A* in
itself such that f(uv) = f(u)f(v), for all
u,v € A*. The morphism f is said to be
primitive if there exists an integer n such
that, for any letter a of A, f"(a) contains all
the letters of A. It is said to be k-uniform,
if |[f(a)| =k for all a € A. We say that f
is prolongable in a € A if f(a) = aw where
w € A', and f"(w) is non-empty for any
integer n. We say that f is left-marked over
A if all its images start with different letters.
The notion of right-marked is defined in a
similar way. When f is marked both on left
and right, it is said to be simply marked. An
infinite word u is generated by a morphism
f if there exists a letter a of A such that
the words a, f(a)---, f"(a),--- are increas-
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ingly long prefixes of u. In this case, we
note u = f“(a). An infinite word generated
by a morphism is called a purely morphic
word. We define the exchange morphism F3
over A3 = {0, 1 2} by:

E3(0) =1, By(1) =2, Ey(2) = 0.

Given an infinite word w, let Fy(n)
(resp. Fy) denote the set of factors of length
n (resp. all factors) in w. A factor v that
separates two squares of letters in w is called
a separator factor of w. If v separates two
different squares of letters, such as iz and
jj, then it is denoted as v;;. Otherwise, it
is denoted as v;.

Definition 1. (i) An overlap is any fi-
nite word of the form avava, where
a is a letter and v is a factor possibly
empty.

(ii)) A finite word w is overlap-free if it
contains no overlaps as factors.

Example 1. Consider the alphabet A =
{a,b,c}. Then

1. acbacba is an overlap with v = be.
2. cbacbaa is overlap-free.

Definition 2. Let w be a recurrent overlap-
free infinite word and u a nonempty factor
of w.

(i) A factor v of w is a complete first
return of u in w if it satisfies the fol-
lowing condition:

e v is a prefix of u.
e v is a factor of w.
o |uv|, = 2.
(ii) A factor v of w is a first return word
of v in w is the shortest word that be-
gins with an occurrence of v and ends

just before the next occurrence of v in
w.

The set of return words of v is denoted
Ret(v).
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Example 2. Consider the alphabet Ay =
{0,1} and the word w = 1001010010010001.
Then:

1. v = 10 is a first complete return of
u = 100 in w.

2. v =11s a first return word of in w.
3. Ret(1) = {100, 10, 1000}.

4. The set of first complete return words
of 1 in w are:

{1001, 101, 10001}

3. Complete return words and
privileged words in t3

Privileged words are a well-known
family of words introduced in [8] and ex-
tensively studied for some classical infinite
words, such as Sturmian and Thue-Morse
words (see [9], [10]). We define the set Priy
of privileged words over A, recursively as
follows:

o £ € Priy,

e a € Priy, for every letter a in the
alphabet,

o if lw| > 2, then w € Priy if wis a
complete first return to a shorter priv-
ileged word.

When the alphabet is known from context,
we omit the subscript A. Given an infinite
word w, we denote by:

Priw = {U € Fw: v is privileged}y
the set of all privileged words.
The set Priyw(n) is defined to contain priv-

ileged words of w of length n. Thus, we
have:

Prig(n) = Priy N Fy(n).
The first few binary privileged words are:
g, 0, 1, 00, 11, 000, 010, 101.

Not every privileged word is a palindrome;
for instance, the words 00101100 and 0120
are privileged but not palindromic. Let v be
a privileged word of w of length n. Then, we
denote the set of privileged words starting
with v by Pri,(n). In other words, it is the
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set of all factors of w that contain exactly
two occurrences of v, one as a prefix and
the other as a suffix. Thus, we define the
privileged complexity function of an infinite
word w as a map from N to N by :

cP(n) = #Priy(n), for all integer n.

Below, we outline some properties of
the privileged words of t3.

Lemma 1. Let u be a privileged word of t3
and v a privileged prefix (resp. suffix) of u.
Then v is a suffix (resp. prefix) of .

Proof. Let v be a privileged prefix of u. If
lu| <1, the statement is obvious, since v is
either the empty word or a single letter. If
u = v, then v is both a prefix and a suffix
of u.

Suppose that |u| > 2 and |u] > |v].

Then, by definition, u is a first complete
return of a shorter privileged word w. We
proceed by considering |w|.
o If |w| < |v|: Let v; be the smallest privi-
leged word that generates v, and let w; be
the largest privileged prefix that generates
w. We show that w is a suffix of vy.

If |wy| > |v1], then v must contain at
least three occurrences of vy, which is im-
possible. Therefore, w, is a privileged prefix
of v1. Thus, the smallest privileged suffix of
v has the largest privileged prefix of w as
its privileged prefix. Since vy is a privileged
word, it is a complete return of another priv-
ileged word vy with |vs| < |wy|. Hence, vy
is a prefix of wy. It follows that v; admits
wy as a prefix and a privileged prefix of w;
as a suffix.

By repeating this process with v, and
so on, we find that there exists a privileged
suffix vy of v; such that £ > 3 and v, con-
tains w; as a privileged prefix. This implies
that w is a factor of v;. Since |w| > |vy], we
have w = vy; i.e., w is a suffix of v;.

o If |w| = |v|, then v is a suffix of w.

o If |w| > |v]|, then v is a proper prefix of w.
Since w is privileged, v is also a suffix of w
and therefore of u.

Lemma 2. Let u be a privileged word of
ts and v its longest privileged prefix (resp.
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suffix). Then w is a first complete return of
v.

Proof. Let u be a privileged word of t3 and
let v be its longest privileged prefix. If
|u| <1, the statement is obvious.

Now suppose |u| > 2. Since u is privi-
leged, there exists a privileged word w such
that u is a first complete return of w. We
consider |w|.

If |v| > |w]|, then w is a prefix of v and,
by Lemma 1, also a suffix of v. Consequently,
u would contain at least three occurrences
of w, contradicting the fact that u is a first
complete return of w. Thus, |v| < |w|.

Since v is the longest privileged prefix
of u, we have |v| = |w|.

The case where v is the longest suffix of
u is treated similarly.

Lemma 3. Any factor of t3 is a prefix of a
privileged word of ts.

Proof. Let v be a factor of t3. Since t3 is
recurrent, v appears infinitely many times in
t3. Consequently, t3 contains a factor u of
the form vuwvv. The factor w of ts contains
neither a prefix nor a suffix of v because t3
is overlap-free. Therefore, u is a privileged
word that starts and ends with v.

Below, we recall a well-known theorem
(Theorem 1 in [3]) that provides the number
of return words of t3. The authors prove it
using the synchronization lemma (Lemma
4) and stability under the exchange appli-
cation (Proposition 1) from [3] and [11], re-
spectively.

Theorem 1. Any factor of t3 has 7, 8 or 9
return words.

Lemma 4. Let u be a factor of t3. Then
there exist factors v, 01 and oo of t3 such
that u = 01p3(v)dy with |41], |62| < 2. More-
over if |u| > T then, this decomposition is
UNLqUE.

Proposition 1. Fi, s stable by Ejs.

The authors use these results to show
that establishing the set of return words re-
quires considering only the factors 0, 01 and
012 from the triprolongable bispecial factor
set (three extensions), as well as the factors
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13(0)0, p3(0)01 from the biprolongable bis-
pecial factor set (two extensions). Thus, we
have:

eRet(0) = {0,01,02,012,0112, 0122, 01212}.

eRet(01) = {01,012, 0122, 01212, 01202, 011202,

012120, 0121202}.

eRet(012) = {012, 012120, 012201, 012120201,

01212012, 0121202012,
012120201120201, 0120201,
01201}.

eRet(0120) = {01201212020112020101220101212,
01202010122010121200121202,
01201012120012120201120201,
0120121202011202010122010121

20201012120012120201120201,
01202010122010121200121202010

1212020112020101220101212,
01201012120012120201120201012

1202010122010121200121202,

Vol. 9, N° 2 (2025) 1/-21

Thus, the set of the first complete re-
turn words of 0 in t3 is given by:

R = {ry,ra, 73,74, 75,76,77}, Where :

ry = 00,7y = 010,73 = 020,74 = 0120, r5 =
01120, r¢ = 01220, 7, = 012120.

Lemma 5. Let w € Prig(n) be such that
n > 7. Then there exists an u € R such
that w begins with the first complete return
word of u.

Proof. Let w € Prig(n). Observe that R
contains all privileged factors of length less
than 7 starting with 0. Since |w| > 7, w
admits a proper prefix u € R. Because w
is privileged, it must also end with some
u € R. Therefore, w contains at least two
occurrences of u, implying that w begins
with a first complete return word of wu.

01201212020112020101220101212 Theorem 2. For any integer n > 2, the
001212020112020101220101212, privileged complexity cp, (n) of ts is given
012020101220101212001212020112 by:

02010122010121200121202,
012010121200121202011202010122
01012120012120201120201}.
.Ret(01201) = {M3(00U0000)271,[1,3(001)0111’1]1222),
p3(00v0; 1101922), 271 113(2209922),

007)01 11U1222),
M3(22’02000)2717

(

,LL3(00U01 11u11 11’(]1222),
(
1

1,&3(22?}2000)271}.

143
2”
2-

4. Privileged complexity of t3

In this section, we define a recursive
function to calculate the privileged com-
plexity of t3. This function is based on the
privileged complexities of the first complete
return words of 0.

Now, let us examine the first letters of
t3 below:

ts = p3°(0)

5

—
= 0121202011202 010 1220101212012 020
—— ~~ ~—~
r7 T2 T3

T6 T4

— ~
101220 101212\()9/ 121202 0120101212 - - -

1

gchn)=ﬂﬁfﬁﬂ-+62%ﬂJ*-d?(n%+

i (n) + B (n) 4 cB(n) + (n).

T4

Proof. Since Fi, is stable under Ej5, we con-
sider factors starting with 0; the cases start-
ing with 1 and 2 are treated similarly. The
letters play symmetric roles, and the image
of each letter begins with the letter itself
and includes the other letters. Furthermore,
because the substitution is 3-uniform, fac-
tors beginning with 1 (resp. 2) are obtained
by applying E3 (resp. E?) to those begin-
ning with 0. Thus, the privileged words of
t3 starting with 0 and of length at least 2
are divided into seven groups according to
the elements of R. By Lemma 4, we have:

Prig(n U Pri,, (n

The sets are disjoint because the elements of
the sequence (ry)i1<k<7 are neither prefixes
nor suffixes of each other. Therefore, the
privileged complexity function of t3 satisfies:

1

- prl prl
Cts Z Cr
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By considering the lengths of the privi-
leged words of t3, we establish the following
result:

Theorem 3. The privileged complezity func-
tion cg, of ts verifies:

1ifn=0

3 if ne {1,246}

6 if ne{3,5)

3cP(n) + 3cPr(n) + 3cBr(n)
if n=0[3,n>9

3cPi(n) if n=1[3|,n >7

3cpri(n) + 3cPi(n) + 3By (n)+
3cPi(n) if n=2[3],n > 8

chy (n) =

Proof. From R, we have:

Prig(1) = {0}, Prig(2) = {r1}, Prig(3) = {re, r3},
Prig(4) = {r4}, Prig(5) = {rs, 76}, Prig(6) = {r7}.

Let w be a privileged word of t3 start-

ing with 0 and of length n > 7. Since p3 is
3-uniform, the length of w can be expressed
modulo 3. Moreover, by Lemma 4, the de-
composition of w is unique because |w| > 7.
According to Lemma 5, w begins and ends
with an element of R. Using the elements
of R, we consider the following cases.
Case 1. w begins and ends with r; = 00.
Then w has the form rw'ry, where w’" € Fy,.
The first 0 in r; is a suffix of p3(1), and the
second 0 is a prefix of 115(0). By the synchro-
nization lemma (Lemma 4), w can be writ-
ten as w = Opg(w”)0, where w” € Fy,. Thus,
|w| = 3k+2 since p3 is 3-uniform. Similarly,
if w begins with r5 = 01120 or r¢ = 01220,
it synchronizes as 01uz(w”) or w20, respec-
tively, with w” € Fi,. Therefore, when
w begins with r; = 00, r5 = 01ug(1), or
re = 113(0)20, we have |w| = 3k + 2 for some
kE>1.
Case 2. w begins with ro = 010. Pro-
ceeding as in Case 1, we show that w
synchronizes as 01lus(w’)0 because 01 is
the suffix of u3(2). Similarly, if w begins
with r7 = 012120, then w synchronizes as
0lus(w’) because 7 = u3(01). By Theo-
rem 1, any return word of r, = 0120 has
length either 3k or 3k + 2. Hence, any first
complete return word for 74 has length either
3(k+1)+1or3(k+1)+2.
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We now present some of the relation-
ships between the privileged complexity
functions of the elements in R.

Proposition 2. For all n > 9, c'(n) <
Pri(n —2).

Proof. Note that the word r; = 00 is al-
ways preceded and followed by 12120. The
separator factors following r; are:

1212020, 1212020120101212, 1212020101212020.

Suppose w € Pri, (n). Then 071w admits
r7 = 012120 as a privileged prefix. Similarly,
w0~! has 77 = 012120 as a privileged suffix.
Therefore, 0~'w0~! has r7 = 012120 as both
a prefix and a suffix. It follows that

Pri,, (n) C Pri,,(n —2),
and consequently,

() < i — 2).
Proposition 3. For all n > 8, c®(n) =
cPri(n — 3).

Proof. Note that for n > 8, the words
ry = 00, Es(ry) = 11, and E3(r;) = 22
have the same privileged complexity func-
tion. Since the square 11 in t3 is the border
of the images p3(2) and p3(1) (specifically,
w3(21) = 201120), it is necessarily preceded
by 0 and followed by 20. Therefore, any oc-
currence of r5 = 01120 corresponds to an oc-
currence of 11. Thus, for any w € Pri,, (n),
we have 07w (20)~! € Prijy(n — 3). Conse-
quently,

conc?(n) = 2 (n — 3).

Proposition 4. For all n > 9, cP'(n) =
cPri(3n — 4).

Proof. Suppose w € Pri,,(n). Then w can
be written as w = r3w'rz, where w' is a
finite word occurring in ts.

Note that rg = 01220 is a proper prefix
of 13(02) = 012201. Furthermore, 02 is not
a special factor of t3 because 022 is not a
factor of t3. Therefore, any occurrence of
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r¢ in t3 is a proper prefix of uz(r3). As a
result:

ps(w) = ps(rsw'rs)
= ps(rs)ps(w)ps(rs)
= rg1012u3(w')rg1012.

Thus,
p3(w)(1012) " € Pri,, (3n — 4),

ie.,
Pri,,(n) C Pri,,(3n —4).

Hence,
c,?;‘(n) < cEé‘(3n —4).

Conversely, suppose v € Pri, (3n — 4).
Then, by Lemma 4 and desubstitution
of uz(v), it follows that Pri, (3n — 4) D
Pri,, (n). Therefore,

cri(n) > B(3n — 4).

Proposition 5. For alln > 9, CE?(") =
chi'(3n — k), k € {0,2,3}, i € As.

Proof. We show that any factor of the form
i(i + 1)(i + 2)i, where i € Ajs, arises only
from the image of a square of a letter under
i3. These factors decompose as follows:

o pus(1)i = i(i + 1)(¢ + 2)7, which is a
prefix of us(ii) = i(i + 1)(@ + 2)i(i +
1)(i+2).

o dus(i+ 1) = i(i + 1)(¢i + 2)i, which
is a suffix of ps((i + 1)(i + 1)) =
(t+ 1)@ +2)i(i+ 1) + 2)i.

o [i(i + D][(¢ + 2)i], which is a me-
dian factor of us((i + 2)(i + 2)) =
(i +2)i(i + 1)(i +2)i(i + 1).

Let u be a privileged word starting with
r4, and let v;; be the separator factor be-
tween the squares ii and jj. Depending on
the values of 7 and j, we have the following
cases:

Case 1. 1 =0: then j=0o0r j =1.

o If j =0, then u = p13(00ve00)(12)

o If j =1, then u = u3(00vp;11).
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Case 2. 1=1: thenj=1or j =2
o If j =1, then u = (12) ' puz(11vy;11).
o If j =2, then u = (12) 'u3(11v1922)(1) !
Case 3. 1 = 2: then j =2 or j =0.
o If j =2, then u = (2) ' uz(22v9922)(1)!
o If 5 =0, then u = (2) " u3(22v000)(12) !

Consequently, u = ;" us(idvi;57)05 ",
where [01d2| € {0,2,3}. Setting k = |d,02],
we obtain

c,‘,’f( ) = cp“(?m — k).

5. Conclusion

This paper aimed to generalize results
on privileged words from t, to t3. To achieve
this, we constructed a set R and derived a
complete recursive formula for calculating
the privileged complexity of t3. A natural
direction for future work is to generalize our
recursive formula to the generalized Thue-
Morse word t; 4, generated over the alphabet
A, ={0,1,...,q—1} by the morphism p,,
defined as:

tpq(k) =k(k+1)...(k+p—1),

where b > 2, ¢ > 3, and letters are taken
modulo q. We plan to investigate the re-
lationship between the recursive functions
and the substitution parameters b and gq.
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