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A bstract:

In this work, we investigate congruent circulant matrices and provide a
parametrization of congruent matrices in 15,(Q). We introduce a matrix analogue of Fermat’s
algorithm, which enables the construction of sequences of matrix Pythagorean triples associated
with a given 2 X 2 congruent circulant matrix N. Furthermore, we establish a
matrix version of Pythagoras’ theorem within the Euclidean vector space M, (Q); m = 2.
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1 Introduction

The congruent number problem is a
classical unsolved question with origins
dating back several centuries. As noted by
Coates [1]:  “The congruent number
problem, the written history of which can be
traced back at least a millennium, and is
the oldest unsolved major problem in
number theory, and perhaps in the whole of

mathematics.” A natural number is called
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a congruent number if it can be realized
as the area of a right triangle with
rational side lengths. Recall that a right
(or right-angled) triangle is a triangle in
which one of the angles is a right angle. If
all three side lengths are integers, the
triangle is referred to as a Pythagorean
triangle, whereas if all side lengths are

rational numbers, it is called a rational
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3 20 49
triangle. For example: —, —, Tg 21€ the ra-

tional numbers identified by Fibonacci, and
the triple <§, 230, i represents a right tri-
angle with area 5 showing that 5 is a con-
gruent number. While every rational right
triangle has a rational area, the converse
is not true; for instance, there is no ratio-
nal right triangle with area 1. Formally,
a positive square-free integer n, is called a
congruent number if there exits a rational
right-angled triangle with area n. It means
that there exist rational numbers a, b, c > 0,

such that

Equivalently, the problem can be stated as
the existence of a right-angled triangle with

positive rational sides a, b, ¢ > 0, satisfying:

In mathematics, and in number theory in
particular, it is common to encounter prob-
lems that are straightforward to state yet
whose resolution requires deep and highly
sophisticated techniques. The history of
congruent numbers is discussed in [2], which
notes that an Arab manuscript referred
to the study of congruent numbers as the
“principal object of the theory of ratio-
nal right triangles”. The Congruent Num-
ber Problem is to find an algorithm to de-
termine whether a given natural number is

congruent or not.

“Mille ans de chasse auzx nombres con-
gruents” is the title of Cuculiere’s article [3].
This title shows that the problem of congru-

ent numbers dates back a long time. Con-
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gruent numbers have been the subject of
several seminars [1,3,4,6,7], master thesis
[8] and papers [9-12]. Keuméan and Tanoé
[13] gave a nice new method to characterize
the fact that an integer n is congruent, by
using the notion of Pythagorean divisors.
In 2022, Mouanda, Tsiba and Kangni [14]
built sequences of triples of the set of circu-
lant square matrices of order m, with posi-
tive integers as entries C'irc,,(N), which are

solutions of the equation:
A% + B* = C? ABC #0.

They introduced Mouanda’s choice func-
tion for matrices which allows them to build
galaxies of sequences of circulant matrix
Pythagorean triples with positive integers
as entries. Recently [15], they developed
an algorithm that allows to build the se-
quences of matrix Pythagorean triples of
any size. In analogy with congruent num-
bers, we may define a circulant matrix N
to be a congruent matrix if there exists a
circulant Pythagorean triple (A, B, C) and,
an invertible matrix P € M,,(Q) such that

A% 4 B? = (7
1
SAB = P?N.

The problem of circulant congruent cir-
culant matrices is the matrix version of
the congruent numbers problem mentioned

above.

The importance of congruent numbers
is no longer in doubt in cryptography. Cir-
culant matrices also play an important role
in cryptography, where we use the circu-
lant matrices in the Mix-Columns step of

the Advanced Encryption Standard.

In this paper, we investigate congruent
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circulant matrices. In particular, we char-
acterize all the 2 X 2-congruent circulant
matrices and we introduce the matrix ver-
sion of the Pythagoras’ Theorem in the Eu-
clidean vector space M,,(Q). We also give
the matrix version of Fermat’s Algorithm
which allows us to build sequences of circu-
lant matrix Pythagorean triples, for a given
congruent circulant matrix N. For the sake
of completeness and to facilitate an inde-
pendent reading of this article, we begin
by presenting some definitions and prelim-
inary results. We commence our results by
constructing a fundamental family of con-
gruent circulant matrix Pythagorean triples

M, (Q),m > 2.

2 Preliminaries

For the entirety of this paper, let m > 2,
beapositiveinteger, andlet( M, (Q), (— | —))
denote the space of m x m-matrices with ra-
tionals as entries, endowed with the canon-

ical scalar product defined as follows:

<_ | _> : Mm(@) X Mm(@) — Q

(M, N) —s  tr(MTN).

Let us recall some basic notions of circulant
matrices. For fundamental notions on cir-
culant matrices, we cite the following com-

plete general references [16-18].

2.1 On Circulant Matrices

Definition 2.1. A circulant matriz is a
square of order m where each row is a cy-
cle right shift of the previous one. Given a

vector line:
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the circulant matriz noted:

C =circ (c1, Cay .oy Cp), 18
C1 C9 Cm
Cm C1 oo Cm—1
C =
Cy C3 C1

Properties 2.1.
is a circulant matriz, then it is di-
agonalizable by the Discrete Fourier

Transform. More precisely we have:
C = F*Idz’ag()\l, )\2, ceey /\m)F,

where F' is the Fourier matriz and
(X\)i is the family of the eigenvalues
of C. By a Fourier matrix of order

m, we shall understand the matrix
defined as follows:

1 1 1 1

1 Wil w2l wm=1).1
F= ﬁ 1 wh2 w22 w(m=1):2

1 wl'(m_l) w2.(m—1) w(m—l)(m—l)
with

m:2F:i Lol )
’ V2 i1 -1
1 1 1 1
m:4F:i 1 -1 1 -1
’ \/é_l 1 ¢+ -1 —
1 - =1 1

2. The Circy,(C) of m x m-complex cir-
culant matrices is a commutative al-
gebra. In particular, circulant matri-

ces commute with each other.

3. The eigenvalues of circulant matri-
ces are given by the first row. The

etgenvalues Ay of the circulant matrix
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C =circ (¢, cgy ..., Cp) are:
m
k
Ae =D cjwd®,
=0

s

where w,, = exp(——1) s the primi-
n

tive n-th root of unity. These are ex-

actly the row of the matriz.

4. Each circulant C = circ (co, ¢z, ..., Cm)

corresponds to the polynomial:

PX)=c+aX+.. +cpX™

It is possible to write the matriz C' as
one variable complex polynomial. In-
deed, let P be the cyclic permutation

m matrix given by:

01 0 0 O
00 1 O 0
P =
0
10 0

It is simple to see that

m—1
C= Z CkPk
k=0
2.2 On Congruent Circu-
lant Matrix Pythagorean
Triples
Definition 2.2. 1. A circulant ma-

trix Pythagorean triple is a cir-
culant matriz triple (A, B,C) €
(M,,(Q))? such that

A+ B*=C?%: ABC #0.

Vol. 9, N° 1(2025) 86-105

2. Let A,B € (M,(Q),(— | —)), we say
that A and B are orthogonal and we
note A L B if and only if (A| B) =
tr(ATB) = 0.

3. When (A, B,C) is a circulant matriz
Pythagorean triple such that A 1 B,
we say that (A, B, C) is a right-angled

matrix triangle.

From the second characterization of
congruent numbers in the introduction, we
deduce the following matrix version defini-

tions.

Definition 2.3.
lant matriz
A circulant matric N € M,,(Q), m >

2 is a congruent circulant ma-

1. Congruent circu-

trix if there exists a circulant matrix
Pythagorean triple (A, B,C) and an
invertible matric P € M,,(Q) (said
to be associated to N) such that

A* 4 B*=C?

;AB = P2N. 1)

2. Let N € Mp,(Q),m > 2, be a fized
congruent circulant matriz. Then the
circulant matriz Pythagorean triple
(A, B,C) is called a circulant ma-
trix Pythagorean N-triple, if
(2.1) holds for the matrix N.
That s if (A',B',C") is an other
circulant matriz triple such that (1)
holds, then (A', B',C") is also a cir-

culant matrixz Pythagorean N -triple.

3. Let N be a fized congruent circulant
matriz of M,,(Q), then we define the

set:
Pr(N) = {(A, B,C) € Circ,,(Q)* :
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A2 4 B2 = (2 \
C (M,, .
;m:pm- (Mn(Q))

4. In the point 3.(b) of Theorem 3.4 be-

low, the circulant matrix:
0 1 ) .
N = Lo is called a strict

congruent circulant matriz.

Remarks 2.1. a) Note that for a circulant
matrix Pythagorean N-triple (A, B,C) in
M, (Q), we have: AB = BA and P*N =
NP2

b) Denote that N = Prp(N), is
the equivalence class of N defined in
the set of matriz Pythagorean triples by:
(Aam(mﬁmm¢:;wzpm:

~
N

Lip
5 .

Such  congruent circulant matrix
Pythagorean triples exist and can be built
from a congruent number n € N. In the fol-
lowing section, we give the results, followed
by their proof and possible examples. Cal-
culations (in particular for the matrices:
eigenvalues, products, ..., formal calcula-
tions) were done with the calculation soft-

ware Scientific Workplace pro5.5 [20].

3 Main Results

3.1 Construction of a trivial
family of Pr(N) C M,,(Q)?,
m > 2

We know how to get congruent numbers
and Pythagorean triples (see in [4, 6, 7))
which allow us to establish the following

theorem.

Theorem 3.1. Let n € N* be a congru-

ent number, (a,b,c) be a positive rational

Vol. 9, N° 1(2025) 86-105

Pythagorean triple and d € Q. such that

a+0?=c?

;ab:ndQ.
a ... a
Form > 2, let | A= ,
a ... a
b b c c
B = 1,0 =
b b c c

be a circulant matriz triple. Then:

1. The circulant matriz triple (A, B,C) is
a circulant matriz Pythagorean triple i.e.
A? + B? = (C?, ABC #0.

2. There exists an invertible matrix P €
M, (Q) and a congruent circulant matrix
N such that

A* 4 B*=C?
1
—AB = P2N,
2
0 1 0 0
0 0
with: P = .0 |, and
0 |
nd> 0 0 O
1 1 1 1
1 1 . 1 1
N =mPm™?x € M, (Q),
1 1 1
1 1 ... 1 1
and
0 0 0
0 0 1
- nd> 0 0
| 0 0
: . . . .0
0 0 nd> 0 0

in which the " nd?*-diagonal” begins at the
third line.
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3. The matrices A and B are not orthogo-
nal.

4.  Moreover we have the following
Pythagoras’ Theorem matrizx wver-

sion.

1AI* +1BIF = IC|I*.

Proof: Let consider the Euclidean vec-
tor space (M,,(R),(—|=)), (a,b,c) be a
positive rational Pythagorean triple, a con-
gruent number n € N* and d € Q7, such

that
a’+b* = ?

;ab = nd?.

Consider the circulant matrices:

a ... a b ... b
A= . [, B=| " . ],

a a b b

c c
C =

c c

By simple calculations, we have:

A2+ B?2=C?In fagt:

a ... a ma® ... ma®
A2 —= . c. . —=
a a ma? ma?
2
b b mb? mb?
B2 — — .
b b mb? mb?
2
c c mc2 ... mc?
02 — _ .
c c mc2 ... mc?
and
m(a® + b?) m(a® + b?)
A*+B? = : :
m(a? + b?) m(a® + b?)
me2 ... mc?
p— p— Cz‘
me2 ... mc?

Vol. 9, N° 1(2025) 86-105

a a b b
Then TR R O
a a b b
c .. ¢
is a circulant matrix
c .. ¢

Pythagorean triple as announced in 1. For

the second point of the Theorem, we have:

| . a .. a b ... b
—AB=—-1|: . ‘| x| :
2 2
a a b b
%ab %ab nd®> ... nd?
=m =m :
1 1 2 2
- - nd® ... nd
2ab 2ab
0 1 0 0
0 0
Taking, P = o e o0
0
nd?> 0 0 0
0 1 0 0\
0 0
we have: P™ = o0
0 1
nd®> 0 0 O
nd> 0 ... 0
B 0 nd?
0 )
0 0 nd?
and
nd> 0 0
1 ... 1
0 nd?
X m
0 1 ... 1
0 0 nd?
1 1
nd2 nd2 iab iab
=m : : =1m
£ ... nd 1 1
n n 2ab 2ab
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So that,
nd®> 0 0
0 d?
SAB — "
0
0 0 nd?
1 ... 1
= P"xm
1 ... 1
1 ... 1
1
5AB = P?xmpPm? = P?N
1 ... 1
I
N
a a b b
-Wehave:< Il
a a b b
ab ... ab

=tr(ATB) = tr(AB) = tr :
ab ... ab
= mab # 0, so the vectors A and B are not
perpendicular.
« Since the matrices A, B and C are sym-
metric, we have:
IA[J* = tr(ATA) = tr(A?),
|BI? = tr(BTB) = tr(B2),
|C|I° = tr(CTC) = tr(C?).
In other words, we have:
JAIP + [BIP = tr(42 + B?) = tr(C?)
= tr(A?) + tr(B?) = |C|°.

3.2 Construction of the ele-
ments of Pr(N) C My(Q)?

In this section, we characterize all the con-

gruent circulant matrix of the set M (Q).

Lemma 3.1. Let the matrix

Vol. 9, N° 1(2025) 86-105

/

A = . € My(Q) be a circulant
a a

matriz. Then A is diagonalizable in Q.

More precisely, the set of the eigenvalues of

the matriz A is {\a1 = a+ad', a2 = a—ad'}.

Proof: Since the rational matrix
A= a/ « is a circulant, it is diag-
a a

onalizable. Suppose that A41, A4 are the

eigenvalues of the matrix A. Then, with the

polynomial characteristic:

Py(X) = X?—2aX +a*>—a? we have the
Ai1=a+ad €Q
Ao =a—ada €Q.

Then we determine quickly the eigenvalues

system

of the matrix A as follow:

AagFAaz A1 —Aag

!
a a 2 2
A = , =
a a Aag— a2 Aa1+Aap

2 2
(2)

Remarks 3.1. 1. In My (Q), circulant
matrices are symmetric (that is AT =
A) and are of the form:

0

2. The unit matriz s a con-

gruent one. We will just have to

choose Ay 1Ap1 = Aa22B 2.

Note that the second point of Remarks
3.1 is fundamental for our proofs. In fact,
the matrices symmetric property (A7 = A)
of the 2 x 2-circulant matrices allows 2-2-
circulant matrix Pythagorean triples to ver-
ify the matrix version of Pythagoras’ The-

orern.

Theorem 3.2. Parametrization of 2 x

2-congruent circulant matrices
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The following assertions are equivalent.

1. The circulant matrix N € My(Q) is a

congruent circulant matrizx.

2. There exists a circulant matriz
Pythagorean triple (A, B,C) of the

type:
a a b v c c
a a )\V b))\ e
A* 4+ B* = C?
such that 1 ,
EAB:PQN

with an invertible matriz P € My(Q).

3. There exists a1, a2, g1, A2 € Q
such that N5, + X5, and N, + \b,
are non-zero squares in Q, and we

have the following two cases:

3.a. [f )\A,l)\B,l -+ )\A,Z)\B,2 §£ O, then

the congruent circulant matrix N is
of the type:

AA1AB1 — Aa2AB2

1
N = A1AB1 + Aa2)pe
AAiAB1 — Aa2AB 2 1

Aa1AB1 + 2B
3.b. If )\A,l)\B,l + )\A,2>\B,2 = 0, then

the congruent circulant matriz N is:
(01
10/

Proof: 1. = 2.
that the circulant matrix N € M5(Q)
Then by the first point
of Definition 2.3, there exists a circulant
matrix Pythagorean triple (A, B,C) €
Circs(Q) C My(Q) such that (1) holds for

the matrix N. Since A, B, C' are circulant

Let us suppose

is congruent.

matrices, the first observation of Remark

3.1, allows us to take the matrices of the

Vol. 9, N° 1(2025) 86-105

form:

()3

2. = 3. |Let the matrix [ A = a/ « ,
ad a
b v
B = O =
b b
M>(Q)3, be a matrix Pythagorean triple

and denote by {Aa1, a2} and {Ag1, A\g2}
the set of the eigenvalues of A and B, re-
spectively. By the relation (2), we have:

Aag+Aa2 Aal— Aae

2 2
A=
Aag— a2 Aal+Aae
2 2
A1+ A2 Api1—Apg
2 2
B—

AB1—AB2 Api1+Apg
2 2

Let us show that A% | + A%, and X, + A%,

are non-zero squares.

We have:

N+ A5+ A 0+ As, N — Mo+ A — Abs

A*+B? = ’ ’

Mg = Mo+ A1 = Apa N+ A + Mo+ Abo

2 2
Then A%? + B?> = (? if and only if

Mg+ AR+ N+ A5, Ny — N+ A5 — A5,
2 2

M= Mo+ A5, — Ao N+ AL+ Ma + A,
2 2

B A4+ 2 2
2 A+? )
So we have:
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2(2cc) = )‘,24,1 - )‘31,2 + )‘23,1 - AQB,2 (44)

() + (i7) :

(c+d)P =X+ 25, €Q

(i) = (i) : (c—c)? =N+ A\py € Q°

(3)
Now let consider the following two cases.
(a) If Aa1Ap1 + AasApa # 0, then

1 1 AaiAB1 + AagAB2 0
4B =
0 A1AB1 + Aa2)AB2
1 A1AB1 — A 2AB 2
AaiAB1 + Aa2AB 2
X

Aa1AB1 — Aa2AB2
A1AB1 + Aa2AB 2

AaiAB1 + Aa2Ap2 O

AaaAB1 — AapApe

1
AA1AB1 + Aa2AB2
X
AA1AB1 — Aa2AB2 1
A1AB 1+ Aa2AB2
1 0 1
Putting P = 3 and
AiAB1 +Aa2Ag2 0
] AA1AB1 — Aa2AB 2
AaiAB1 + Aa2AB 2
N =
AA1AB1 — Aa2AB2 )
AaiAB1 + Aa2AB 2
we have the result.
(b) If )\A,l)\B,l + )\A72A372 = O, then

Aa1AB1 = —Aa2Ap2 # 0 (since )\3,71 + A5,

and A3, + A}, are non-zero squares). So

Vol. 9, N° 1(2025) 86-105

we have:
AaiAB1 + Aa2AB2  Aa1di1 — Aa2ABe
1 4 4
—~AB =
AA1AB1 — Aa2AB2  AaiAB1 + Ad2AB2
4 4
1
0 §>\A,1)\B,1
- 1
§>\A,1)\B,1 0
2
B 1 0 1 0 1
2\ 2241051 0 10)
1 0 1
Putting P = = and
2\ 2 4121 O

01
N = ( 0 ) , we have the result.

3. = 1. | Suppose that there exists
)\A,ly )\AVQ, )\371, )\372 S Q, such that )\?471 +

A% and A% ,+ A%, are rational squares and
Aa1AB1 — Aa2)B2
Aa1AB1 + A2 B2

1

(a) N=
A41AB1 — AapAB2
AaiAB1 + Aa2) B2

if AaAB1 +Aa2Ap2 #0

or

0 1
(b>N:(1 0)

if AaiAp1+Aa2Ap2 =0,

Let wus Dbuild a rational matrix
c c
d c

of M5(Q) such that relation (1) holds for

the matrix N.
Aag+ a2 Aal— Aae

Pythagorean triple (A, B,C =

2 2
Let put A = ,
Mg — a2 Aag+ Aae
2 2
AB1+ A2 A1 — A2
2 2
and B =

AB1—AB2 A1+ Ag
2 2

It is clear by the relation (2) that
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{Aa1, a2} and {Ap1,Ap2} are the sets

of eigenvalues of the circulant matrices

A and B, respectively. (a) If Ag1Ag1 +

Aa2Ap2 # 0, then we have by the hypoth-
o =X+, €Q?

esis,

B2=Np+ g, €Q?

a = j:y/)\?A,l + A2B,1
p==xy Mo+ ABs

a+

2
Obviously agrees.

c’:a_ﬂ
2

(i\/Xj’l + 0Bt M + M,

2
So, (¢,d) e

2

= NCVREPYRE VoL A%,g)

such that

1
“AB = =
2

AaaAB1 + Aa2Ag2 0
AA1AB1 — Aa2AB2
Aa1AB1 + Aa2AB 2

A41AB,1 — Aa22B,2
Aa1AB1 + Aa2AB 2

= P?N.

So that we have:

AA1AB1 — AapAB2
Aa1AB1 + Aa2)B2

N—

AaaAB1 — Aa2AB2
Aa1AB1 + 2B

which is a congruent rational circulant ma-

trix with P = ; (

(b) If Aa1AB 1+ Aa2Ap2 = 0, then we have
by the hypothesis,

0 1
Aads1 + Aagdps 0 )

Vol. 9, N° 1(2025) 86-105
o’ = )‘124,1 + /\%,1

52 = )\372 + )‘23,2
Then we get,
ORIV RSV VI VAN

i\/)\,24,1 B1:F\/)‘A2+)‘B2)}

as in the previous situation.

Since Aai1Ap1 + Aa2Ap2 = 0, we have:
)\A,l)\B,l = _)\A72)\B72 7é 0 (since )‘2A,1 +
/\2B?1 and A%, + A}, are non-zero rational

squares), and

A A
Al()\BQ_/\Bl) Al(/\52+/\51)
1 1 AB2 A2
2 A
SN2+ A1) (Mg — Api)
A2 )\B,z
AB AB1
(>\A 92— Aan) =~ (Aa2+Aa1)
Mo Mo
X
AB AB1
()\A 2+ Aan) —(Aa2 —Aa1)
A2 A2
Aa1AB1 T Aa2AB2 —2X412B1
_ Aaalsa
AA2AB2

—2X41AB 1

B 0 2241281
o\ 2udsr 0

Lin _ 1( 0 QAA,lABJ)

Aa1AB1 + Aa2)B2

2241281 0

2
1 0 1 01
2\ 2 4151 0 10

= P2N.
1 0 1
Then, for P = = ,
2 224121 0
01 _
we can conclude that: N = Lo is a

congruent rational circulant matrix. Now,

we can give some examples.

Example 3.1. Let {As1,Aa2} and
{A\B1,A\g2} be the sets of eigenvalues of
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the circulant rational matrices A and B,
respectively. In the following, for i = 1,2,
the notation X\ ; is a function of the matriz

A or the matriz B.

Ao || 6
)\0,2

Then, N3, + A5, = (£6)* 4 (£8)* =
100 and X3 5+ X% 5 = (£4)2+(£3)2 =
25.

By the relation (2), we have:

Aag+ a2 Aal— Aao

2 2
A=
A —Aa2 Aag+ Aao
2 2
(51
15 )7
A1+ A2 A1 — A2
2 2
B —
AB1—AB2 A1+ A2
2 2
11 5
2 2
= . For
5 11
2 2
¢ = _\/)‘21,1 + A — \//\?4,2 + b _ —15
- 2 T2
and
J = _\/)\124,1 + 25, + \//\2A,2 + A5 _ =5
B 2 T2
we have:
15 =5
2 2
C =
-5 15
2 2

Let us show first that the circu-
lant matriz triple (A,B,C) is a
Pythagorean triple. A simple calcula-

tion gives:
11 5 \?2 125 75
(5 1>2 2 2 2 2
_I_ g
L5 5 11 75 125
2 2 2
—15 -5
2
-5 —15
2 2
15 -15 =5
2 2 2 2
SO} (5 1)/ )
SR TR SO B e B

2 2 2 2
is a circulant matriz Pythagorean

triple. And we have:

15
1/ = 2 2 =
AB:< 1) _(10 9
201 5 511 15
2 2

Let us calculate P?N, with

P:1( 0 1)’
2\ (6x8)+(3x4) 0

. (6x8)— (3
(6x8)+(3
and N =
(6x8)—(3x4) )
(6 x 8)+ (3 x 4)
2 3
pry_ L[ 01 Ll (1509
4\ 60 0 g 1 9

1
We have: §AB = P2N.

Note that (A | B) = tr(ATB)
1 5

5 1 2 2 >
- 20,
<(1 5)| 5 11

so that the matrices A and B are not
perpendicular. By the Pythagoras’

Theorem (matriz version), we have:
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11 5 \|?

=125

2. Let consider:

Moy | 18 | —24
Ao | 24|18

We have: AaiAp1 + Aa2 g2 = 0.

By the relation (2), we have:

21 — -3 -
A 3 g 3 2
—3 21 —21 -3

— A3 T AL N AT
Forc — \/A,l B, \/A,z

2
V182242 + /242 4 182
B 2

L =N AR N+,

=0,

CcC =
2
B —/182 + 242 — /242 + 182
N 2
= —30,
we have:

O 0 —=30 '
=30 0

Let us show first that the circu-
lant matriz triple (A, B,C) is a
Pythagorean triple. A simple calcula-

tion gives:

20 =3\ (=3 —21)"_ (900 o
-3 21 —21 =3 ) L 0 900

[ 0 =30
| =30

Vol. 9, N° 1(2025) 86-105

21 — -3 -
Then, ) (-8 2
—3 21 21 -3

0 —30
=30 0
triz Pythagorean triple. And we have:

21 -3 -3 =21
an -}
-3 21 —21 -3
B 0 —216
=216 0 '
We also have:
2
1 0 1 01
2\ 2x18x(=24) 0 1 0
0 —216
= . So,
—216 0

0 1
PZQ
2 x 18 x (—24) O)

1
and N= 0 .
10

Note that (A | B) = tr(ATB)

(A an (22

s a circulant ma-

=

Y

so that the matrices A and B are per-

pendicular.

By The Pythagoras’ Theorem (matrix

version), we have:
2 2
21 -3 -3 21
+
2
I 0 =30
I\ =30 0 '

= 1800

Algorithm 3.1. Computation of a
congruent circulant matrix N

We fix a bound K for four rational numbers
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1. If we can find two pairs a1, g1,
A2, A2 < K in such that /\?471 + )\2371
and X}y 5 + Mg, are non-zero squares in Q.
Then, we calculate Ay 1 A1 + Aa2)\B2.

(@) If AagAp1 + Aa2Ap2 =0, then

1
N = 0 .
1 0
(b) If AaaAB1 + Aa2Ap2 # 0, then

AA1AB 1 — A 2B 2
Aa1AB1 + Aa2)B2

N =
Aa1AB 1 — Aa2)AB 2 1
Aa1AB1 + Aa2AB2

2. If we can mnot find such pairs
(Aa1:AB1), (Aa2, Ap2), then we start

again.

1. In the point 3.
of Theorem 3.4, the circulant ma-
triz Pythagorean N -triple (A, B,C) is

such that the matrices A and B are

Proposition 3.1.

not orthogonal in the case (a) but they

are orthogonal in the case (b).

2. Moreover in the two cases, we have
the following Pythagoras’ Theo-

rem matrixz version.
2 2 2
A"+ | B]I" = [[C]]".

Proof: Let (A,B,C) € My (Q)?
be a circulant matrix triple and denote
by {Aa1, a2} and {Api1,Ap2} respec-
tively the set of their eigenvalues. And

let consider the FEuclidean vector space
<M2(R)> <_ | _>)a and

Aag+ a2 Aal— Aae
2 2
A= ,
Aa1— a2 Aa1+ Ao
2 2
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AB1+ A2 Ap1i— A2
2 2

B =
AB1—AB2 A1+ Aa
2 2

Then we have:

AaiAB1 + AapAB2  Ag1AB1 — Aa2dpe

2 2
ATB =
AiAB1 — Aa2AB2  Aaidpi + Aa2)pe

2 2

and <A ‘ B> = tT(ATB> = )\A,l)\B,l + >\A,2>\B,2-

1. So, if:
(@) Aa1AB1 + Aa2Apa # 0, then the

vectors A and B are not orthogonal.

(b) )\A,l)\B,l + >\A,2)\B,2 = O, then the

vectors A and B are orthogonal.

2. Let (A, B,C) be a circulant matrix
Pythagorean triple of M(Q), that is

A? 4 B2 = (2, ABC #0.

Since the matrices A, B, C' are circu-
lant, by the first point Remarks 3.3,
we have: ATA = A% BTB = B?,

ctc =2
Then,
tr(CTC) = tr(C?)
= tr(A*+ B?)
= tr(A?) +tr(B?)
= tr(ATA) +tr(B'B).

It means that,
2 2 2
1Cl” = 1IAlI" + |1B]]",

as announced.

Remarks 3.2. 1. In our construction

of section 3.1, (cases m > 3), the cir-
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culant congruent matriz N is not in-

vertible.

2. The third observation of Theorem
3.4, allows us to calculate the ma-
trices A, B of a circulant matrix
Pythagorean triple, when we have
their eigenvalues by the relation (2).
And the matrixz C' is obtained by the
system (3).

The following Lemma 3.2 is the nec-
essary condition to establish Theorem 3.3
and Corollary 3.1. In fact, the realization
of Theorem 3.3. and Corollary 3.1. requires
that in the circulant matrix Pythagorean
triple (4, B, C'), the matrices A? — B? and

C' are invertible.

Lemma 3.2. Let the 2 x 2-circulant ma-
triz triple (A, B,C) be a circulant matriz
Pythagorean triple, i.e. such that A% +
B? = (C?% ABC # 0. Let us denote by
{Aa1, Aa2} and {1, A\g 2} respectively the
sets of eigenvalues of the matrices A and B
such that Mgy # £Ap1 and Aaa # £Apo.
Then:

1. The matriz A?> — B? is invertible.

2. The matriz C is invertible.

Proof: Let (A, B,C) € My(Q)® be a
circulant matrix Pythagorean triple. We
denote their respective sets of their eigen-
values by {Aa1,Aa2} and {Api1,Ap2}.
Then, we have by the relation (2):

Aag+ a2 Aa1— Aae
2 2

A=
Aa1— a2 Aa1+ Ao
2 2

Vol. 9, N° 1(2025) 86-105

AB1+ A2 Ap1— A2
2 2
B = ;
AB1 — A2 A1+ Ape
2 2
where {Ag1, a2} and {Ap1,Ap2} are the

sets of eigenvalues of the matrices A and B,

respectively. Consequently,
det(A?—B?) = (Aa1 — Ag1) X (Aa1 + Ap1)
X (Aa2 —Ap2) (Aa2+Ap2) =0
<= [A1=2Ap1] , or [Aa1=—Ap1] or
[Aa2 =Apa| or [Aa2=—Aps|. However,
these cases are excluded, since we assume
Aaq # A1 and A4 # £Ap 2. Therefore,
we prove 1.

For the second point of the theorem, we
have:
det(A? + B?) = det(C?)
= (N +2%5) (M +23,) 0.

So, det(C?) =0
— (/\?4,1 + AQB,I) (Aa,z + /\23,2) =0
= [N+ A5 =001 M, + A5, =0
Suppose that A%, + A3, =0,
then Ay = Ag1 = 0.

If A3, + A5, = 0, therefore M\go =
A2 = 0. Such instances fall under the
cases already excluded from our study by

hypothesis .

Fermat [10] gave an algorithm to build
different right-angled triangles with three
rational sides having the same area (see
also [5]). Moreover, Fermat asserted that
his algorithm produces infinitely many such
right-angled triangles, although he did not
supply a proof of this assertion. In what fol-
lows, we shall present the matrix version of
Fermat’s algorithm [5]. This matrix-version
algorithm generates infinitely many circu-
lant matrix Pythagorean triples. Observe
that, just as a given congruent integer n

corresponds to infinitely many right-angled
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triangles [5], in the matrix setting a congru-
ent circulant matrix N, is likewise associ-
ated with infinitely many rational circulant
matrix Pythagorean triples (see the third
point of Definition 2.3. and Corollary 3.1.).

Fermat’s Algorithm matrix ver-
sion

We recall Fermat’s algorithm [5], which pro-
duces infinitely many distinct right-angled
triangles associated with a congruent num-
ber, provided that at least one such triangle

exists.

Theorem: (Fermat’s Algorithm)
Assume that n € N, square-free, is a
congruent number, and that (ao, by, cp) is a
n-triple of rational Pythagorean numbers ,
ie. n = = |agby| -
Jlaoty

4 2
co—4cgaobo

4c2agbg

— 0 —_ —

Then’ ar = 2co(a3—bg)’ bl - 2co(a3—bg)’
ct+4c2apb

Cl = 0 04070

2¢co (a% —b%)

is also a rational Pythagorean n-triple.

Moreover, agby = a1b;.

We now present the matrix analogue of
Fermat’s algorithm, which, under the as-
sumptions of Lemma 3.9's, generates in-
finitely many circulant matrix Pythagorean
N-triples through iteration of the procedure
(see Corollary 3.1.).

Theorem 3.3. Assume that N is a
congruent rational circulant matriz, and
(Ao, Bo, Cy) is a rational circulant ma-
trix Pythagorean N-triple. Then the fol-
lowing rational circulant matriz triple
(Ay, By, C1) is also a rational circulant ma-

trix Pythagorean N -triple, with,

1
A = 5(403/1030)00_1(143 - By,
B = 5(C 435y (45 — B,

Vol. 9, N° 1(2025) 86-105

1 _ _
Oy = (C+ AMBC (43— B

Moreover, we have:

1 1
§AOBO = 514131 == P2N, P S GL2(Q)

Let note that the following proof is a
naive algorithm to build the sequence of
circulant matrix Pythagorean N-triples of
Corollary 3.1.

Proof: Let note that Lemma 3.2. en-
sures that the matrices A2 — B2 and Cj are

invertible.

Suppose that N is a congruent rational
circulant matrix, and (Ag, By, Cp) is a cir-
culant matrix Pythagorean N-triple. Let
X =C2 Y =2A¢Bp and let, A = 2XY
B=X?-Y2(C=X?2+Y?
be auxiliary matrices.

We have:

A =4C2A)By, B = C} — 4A2B2,C = C + 4A2B2.

It is then immediate that, A% + B? = C?;
hence the matrix triple (A, B,C') consti-

tutes a matrix Pythagorean triple such that

AB = 4C5A\By(Cy — 4ALBY)
= ACGAB((A5 + B))* — 4A7B)
= 4C3ABy(A] - BY)?

It follows that

(3ACT (A3 - BY)™Y) x (3BCy (A3 — BY) ™)
=2P?N .

Thus, for
1
A= Loy (43 - By,

1
By = 53051(143 - B§)™,
C,=CCy ' (A3 — B3)™,
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we have We present an example in which the sec-

ond generation of a sequence of circulant

Al == 408140300(;1(143 - B(Q))—l
Bi = (G —4A43B3)Cy (Af - Bj) ™!
Cr = (Cg+443B)Cy (AF = BY) ™,

matrix Pythagorean triples is constructed,

yielding a congruent circulant matrix N.

Example 3.2. Let consider the circulant

therefore, .
matrices,

1 9 1 5 2 14 10

— = = — A — y B - 5

2A1B1 PN 214030, 0 ( 9 5 ) 0 ( 10 14
and 15 10

0= .
A2+ B2 =2 1015

Let us show that we have a matriz

By induction, we deduce the ratio- Pythagorean.
nal circulant matrix Pythagorean N-
triple  (Ag, Bg,Cy) from the rational ( 5 2 )2+ ( 14 10 )2 B ( 325 300 )
circulant matrix Pythagorean N-triple 2 5 10 14 300 325
(Ap-1, Br—1,Cr1). - ,

Let note that the set N = (1510
{(Ag, Bg, Cx) € Pr(N)} yielded by Fer- B ( 10 15 ) '
mat’s Algorithm matrix version is con- 5 9 14 10 15 10
tained in N. The following corollary as- So, <( o 5)° V10 14 )\ 10 15 ))
serts that, under the assumptions of Lemma is a circulant matriz Pythagorean triple
3.2's, iterating the procedure described in such that
Theorem 3.3. produces infinitely many ra-
tional circulant matrix Pythagorean N - leBo = 1 ( o 2 ) ( 1410 ) = ( 4539 ) .
triples. 2 2\ 2 5 10 14 39 45

Corollary 3.1. Computation of a se- Let calculate the congruent matrix N. The

quence of rational circulant matriz etgenvalues of the matrices A and B are:

Pythagorean N -triples ‘ 1 1B
0 0
Let (Ao, By, Co) be a rational circu-
. . Ae1 | 7 24 |
lant matriz Pythagorean N -triple. Then ’
. . . /\02 3 4
the sequence of rational circulant matrix ’

Pythagorean N-triples (Ag, By, Ck)ren is A simple calculation gives:

defined recursively by the relation: 1 Aa1Ap1 — AapAs

A1AB1 + Aa2AB2
1 2 —1 /42 2 \-1 N =
Ak —1 5(4Ck71Ak—1Bk‘—1)Ck71(Akfl - kal) /\A,l/\R1 _ )\A,Q)\B,Q )
By = *(Cé—1 - 4Ai_132_1)015_11(f1i_1 - Blz—l)ila : )‘AJ)‘BJ + /\A,2/\372
Cr = 5(01;1—1 +4A47 B G (AR - Bl 1 ]
39
> - )
Vk >1 A5
— 1
39
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0 1
P
AaiAB1 + Aa2Ap2 0
1 0 1
4\ 180 0 )
And we get:
39
o 1 5
0 1
P2N =
45 0 39
— 1
45

1
= —AyBy.
5“10b0

Calculation of A, By, C}

> Calculation of the first auxiliary

matrixz Pythagorean triple

We have:
210600 2
A= 4C’§AOBO =
209400 2
138 889
B =Cl— 44353 =
138840
252 361
C = C’é + 4A3B§ =
251160
126 767419921
A*4+-B? =
126 765977 520
= (C"?.

09 400
10600 )’
138840
138 889 )’
251160
252 361 )'
126 765 977 520
126 767 419921

> Calculation of the first circu-

lant matriz Pythagorean N -triple

<A17 B17 Ol)
We have:

A= JACy (43— B =

1
szchg%Ag—B@—lz

1
Oy = 5CCy ' (AF — B =

61020 2220

3689 3689
2220 61020
3689 3689

o281 123
50 25
b
_ 123 _ 281
25 50
3344 641 _90003
184 450 92225
_90003 3344641
92225 184450

Let us verify that (A1, By, CY) is a matriz

|
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Pythagorean N -triple.

61020 2220 |\ 2 o1 123 \ 2
3639 3689 50 25
+
2220 61020 123 281
3689 3680 25 50
11219025578917 301027723923
34021802500 8505 450 625
301027723923  11219025578917
8505 450 625 34021802500
2
3344641 90003
184450 92225
90003 3344641
92225 184450
11219025578917 301027723923
31021802500 8505 450 625

301027723923 11219025578917

8505 450 625 34021802 500
Moreover,
61020 2220 281 123
1 3689 3689 50 25
2220 61020 123 281
3689 3689 25 50

45 39
= — P2N.
39 45

Calculation of As, By, Cy

> Calculation of the second auxil-

tary matrix Pythagorean triple

We have:

1103 632 951 966 506 983453975 767 806

A=4C?A\B, =

B=Ci-4A3B} =

8505450625 8505450 625

983 453 975 767 806 1103 632 951 966 506
8505 450 625 8505 450 625

61645459 928 596 898 899 051 753
1157 483 045 349 006 250 000

_ 4748293243694 721 949 668 609
144 685 380668 625 781 250

4748293 243 694 721 949 668 609
144685 380 668 625 781 250

61645459 928 596 898 899 051 753

C = C}4+4AIB} =

1157 483 045 349 006 250 000

192987 376 050 439 336 099 051 753
1157 483 045 349 006 250 000

11 502 768 713 005 325 800 331 391
144 685 380 668 625 781 250
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11502 768 713 005 325 800 331 391
144 685 380 668 625 781 250

192987 376 050 439 336 099 051 753
1157483 045 349 006 250 000

45712203 350986 914 997 562

1339 767 000 270 409 659 069
A2+ B? = C? = circ”
2219889 151 237 986 917 415
83735437 516 900 603 691

498 247 359 840405 770 332 652 045 393
867862 539 062 500 000 000

987682729 131 360 855 328 259 478 423
866 741 408 691 406 250 000

It should be emphasized that circ’

repre-
sents a 2 X 1 matriz, rather than 2 x 2
matrixz, as its two-line presentation might
suggest.

> Calculation of the first circu-
lant matriz Pythagorean N -triple

(AQa B27 02)

Ay = ;ACS(A% - B})™!

_3304533260540138 760 _ 3104245021 888 895 640
142705568 572215 841 142705568 572 215 841

_3104245021888895640 _ 3304533 260 540 138 760

1 142705568 572215 841 142705568 572 215 841
— -1 2 2\—1
B2 - chl (Al - Bl)
_ 1370954 408 265 839 268210040276 163
223084425176 900 111542212 588450
= )
268210040276 163 _ 1370954 408 265 839
111542212588 450 223084425176 900

1
-1 —
Cy = 500 (A7 - B
855243027955 095 825 704 174 021 355 599
31835389734 475456 945 801 407 272 900

289703588744 545528483 576 513 501 917
15917694 867237 728 472 900 703 636 450

289703588744 545528483 576 513 501 917
15917694 867237 728 472900 703 636 450

855243027955 095 825 704 174 021 355 599
31835389 734475456 945801 407 272900

Let us verify that (As, By, Cy) is a ma-
trix Pythagorean N -triple.
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_3304533260540138760 3104 245021 888 895 640
142705568 572215 841 142705568 572 215 841

3104245021 888895640 3304533 260 540 138 760
142705568 572215 841 142705568 572215 841

_ 1370954 408 265 839 268210040276 163
223084425176 900 111542212588 450

268210040276 163
111 542212 588 450

_ 1370954 408 265 839
223084425176 900

1067153314191 675886478 591 125 607 227
1013 492 039 545 945 305 098 876 290 304 177

= qare

247766974 447342935821 042864 057963
253 373 009 886 486 326 274719072 576 044

605303 018 294 760 552 454 924 659 348 357
995150 189 884 198 057 015074 410 000

647560317 807 553 562 009 723 025 183 283
498 787 547471049 514 253 768 602 500

855243027955 095 825704174 021 355 599
31835389734475456 945801 407 272900

C? =
289703588744 545528483576 513 501 917
15917694 867 237728 472 900 703 636 450

289703588 744 545528483 576 513 501 917 2
15917694 867 237 728 472 900 703 636 450

855243027955 095 825 704 174 021 355 599
31835389 734475456 945801 407 272 900

1067153314 191675886478 591 125 607
1013492 039 545 945 305 098 876 290 304

= circe

247766974 447 342935 821 042 864 057
253373 009 886 486 326 274719072576

227605303 018294 760 552 454 924 659 348 357
177995150 189 884 198 057 015 074 410 000

963 647 560 317 807 553 562 009 723 025 183 283
044 498 787 547 471049 514 253 768 602 500

T

As previously noted, circ’ is a 2 X 1 matrix

and not a 2 X 2 matrix.

Moreover,
_3304533260540138 760 _ 3104245021 888 895640
1 1 142705568 572215 841 142705568 572215 841
*AQBQ = —
2 2 _3104245021888895640 _ 3304533260 540 138 760
142705568 572 215 841 142705568 572215 841
_ 1370954408265839 268210040276 163
223084 425 176 900 111542 212 588 450
X
268210040276163  _ 1370954 408 265 839
111542212 588450 223084 425 176 900
45 39
= = P2N.
39 45
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4 Conclusion and out-
look

The Diophantine problem of congruent
numbers, classically posed within the set of
positive integers and well known in num-
ber theory, remains only partially resolved.
As demonstrated in our study, this problem
naturally extends to the setting of square
matrices of order m > 2.

For m > 2, we have constructed a fam-
ily of congruent matrices arising from trivial
families of circulant matrix Pythagorean N-
triples. The question remains open, how-
ever, for non-trivial families.

For m = 2, the problem has been com-
pletely solved in the case of circulant ma-
trices. In this situation, analogously to the
classical theory of congruent numbers, we
have been able to construct elliptic curves —
this time in a matrix setting — from which
cryptographic applications may potentially
be developed. This direction constitutes an

open avenue for further research.
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