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nault) in the late 1960s.
Since it is not easy, in practice, to exactly
reproduce Bezier curves and surfaces from clas-
sical Bezier base polynomials, it has been in-
troduced in the literature, the univariate h-
Bernstein polynomials (Goldman 1985; Gold-
man and Barry 1991) [6][7] and the univariate
q-Bernstein polynomials ( Phillips et al. 1997)
[8] which accept a tolerance h close to zero or q
close to one. The first q-analogous form of the
(rational) Bernstein operators was studied by
Lupas [9] due to the development of quantum
computing [10]. The extension to the bivari-
ate case was considered in [11] for the classical
form (without tolerance) on the triangle and
in [12][13] for the quadrilateral case.
In 2020, Lamberti et al [14] construct an h-
Bernstein basis on a triangle. In 2021, Khan
[15] constructs new operators based on the
Phillips quantum analog. These Bernstein-
type operators also interpolate the value of
a given function on the C1 boundary of the
triangle.
In view of the above remarks, this paper fo-
cuses on the definition of new q-Bernstein basis
functions of degree n on a triangulated domain
and on the study of several of their properties,
namely, the recurrence relation, the partition
of the unit, the degree raising, the linear in-
dependence (basis of the space of polynomials
of total degree less than or equal to n) on a
triangle. We also propose the q-de Casteljau
algorithm which is a recursive evaluation algo-
rithm. We conclude this paper with graphical
examples of q-Bernstein Bezier patches on a
triangular domain, emphasizing the effect of
changing the q-parameter.

2 q-Bernstein basis poly-
nomial functions on a tri-
angle

Let V := (x, y) be a point of nondegener-
ate triangle T := (V1, V2, V3) of R2 where
Vi := (xi, yi), i = 1, 2, 3 are the vertices of
T . The barycentric coordinates (τ1, τ2, τ3) ver-
ify the equation:

V =
3∑

i=1
τiVi, with

3∑
i=1

τi = 1,

we show that this equation has one solution
(Cramer’s rule):

τ1 = ∆1

δ
, τ2 = ∆2

δ
, τ3 = ∆3

δ

with

δ :=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x1 x2 x3

y1 y2 y3

1 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, ∆1 :=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x x2 x3

y y2 y3

1 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

∆2 :=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x1 x x3

y1 y y3

1 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, ∆3 :=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x1 x2 x

y1 y2 y

1 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Let n ∈ N∗, λ := (λ1, λ2, λ3) ∈ N3

Consider: |λ| = λ1 + λ2 + λ3,
ϵ1 := (1, 0, 0), ϵ2 := (0, 1, 0), ϵ3 := (0, 0, 1).

Let q ∈ R. For any integer n = 1, 2, · · · ,
we have:

[n]q is defined [10]:
[n]q := 1 + q + q2 + · · · + qn−1, [0]q = 1

the q-factorial is defined by [10]:
[n]q! = [1]q[2]q · · · [n]q, [0]q! = 1

and for q ̸= −1 the q-binomial coefficient
for |λ| = n is given by: n

λ


q

:= [n]q!
[λ1]q![λ2]q![λ3]q!

Lemma 2.1 .
The q-binomial coefficients satisfy the recur-
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rence relation : n

λ


q

=

 n − 1

λ − ϵ1


q

+ qλ1

 n − 1

λ − ϵ2


q

+ qλ1+λ2

 n − 1

λ − ϵ3


q

(1)

Proof

[n]q =1 + q + q2 + · · · + qn−1

=
(

1 + q + · · · + qλ1−1
)

+

qλ1

(
1 + q + · · · + qn−λ1−1

)

=[λ1]q + qλ1

1 + q + · · · + qλ2−1+

qλ2

(
1 + q + · · · + qn−λ1−λ2−1

)
=[λ1]q + qλ1

1 + q + · · · + qλ2−1
)

+

qλ1qλ2

(
1 + q + · · · + qn−λ1−λ2−1

)
=[λ1]q + qλ1 [λ2]q+

qλ1qλ2

(
1 + q + · · · + qλ3−1

)
=[λ1]q + qλ1 [λ2]q + qλ1qλ2 [λ3]q

Using this last expression of the above equality,
we obtain

 n

λ


q

= [n]q!
[λ1]q![λ2]q![λ3]q!

= [n − 1]q![n]q
[λ1]q![λ2]q![λ3]q!

=
[n − 1]q!

(
[λ1]q + qλ1 [λ2]q + qλ1qλ2 [λ3]q

)
[λ1]q![λ2]q![λ3]q!

= [n − 1]q![λ1]q
[λ1]q![λ2]q![λ3]q!

+ qλ1
[n − 1]q![λ2]q

[λ1]q![λ2]q![λ3]q!
+

qλ1qλ2
[n − 1]q![λ3]q

[λ1]q![λ2]q![λ3]q!

= [n − 1]q!
[λ1 − 1]q![λ2]q![λ3]q!

+

qλ1
[n − 1]q!

[λ1]q![λ2 − 1]q![λ3]q!
+

qλ1qλ2
[n − 1]q!

[λ1]q![λ2]q![λ3 − 1]q!

=

 n − 1

λ − ϵ1


q

+ qλ1

 n − 1

λ − ϵ2


q

+

qλ1+λ2

 n − 1

λ − ϵ3


q

□

For a real number q ̸= −1 and the triplet
λ above, we define the polynomial functions
q-Bernstein on the triangle T as follows:

Bn
λ(τ ; T, q) :=

•

 n

λ


q

λ1−1∏
k=0

(
1 − (1 − τ1)qk

)
×

λ2−1∏
k=0

(
1 − τ1 − τ3q

k

)
×

λ3−1∏
k=0

τ3

for n ≥ 1 and |λ| = n

• 1, for n = 0 and |λ| = 0

(2)
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In 2, for i = 1, 2, 3 if λi = 0 then
λi∏

k=0
... = 1

and for λ3 ≥ 1,
λ3−1∏
k=0

τ3 = τλ3
3

We note that Bn
λ(τ ; T, q) ≥ 0 for −1 < q ≤

1. Because barycentric coordinates are nonneg-
ative on the triangle [2] and their sum is equal
to 1.
We also note that if q = 1, Bn

λ(τ ; T, 1) are the
polynomials of Bernstein’s natural basis.(see
[11])

For an arbitrary interval [a, b] with (a, b) ∈
R2, the q-Bernstein polynomial functions have
been defined by the following set [16]:

Bn
k (t, [a, b], q) = n

k


q

k−1∏
i=0

(
t − a + a(1 − qi)

) n−k−1∏
i=0

(
b − t + t(1 − qi)

)
n−1∏
i=0

(
b − a + a(1 − qi)

) ,

k = 0, · · · , n

(3)
with: b − a + a(1 − qi) ̸= 0 for some

q for which 1 ≤ i ≤ n + 1 and

 n

k


q

=

[n]q!
[k]q![n − k]q!

Throughout the following, unless otherwise
stated [· · · ] = [· · · ]q

3 Recurrence relations for
the q-Bernstein polyno-
mial functions

From the expression of Bn
λ(τ ; T, q) in 2 we de-

duce that:

Bn
λ(τ ; T, q) :=

(
1 − (1 − τ1)qλ1

)
Bn−1

λ−ϵ1(τ ; T, q)+

qλ1

(
1 − τ1 − τ3q

λ2

)
Bn−1

λ−ϵ2(τ ; T, q)+

qλ1+λ2τ3B
n−1
λ−ϵ3(τ ; T, q) (4)

Proof.

(
1 − (1 − τ1)qλ1

)
Bn−1

λ−ϵ1(τ ; T, q)+

qλ1

(
1 − τ1 − τ3q

λ2

)
Bn−1

λ−ϵ2(τ ; T, q)+

qλ1+λ2τ3B
n−1
λ−ϵ3(τ ; T, q) =

(
1 − (1 − τ1)qλ1

) n − 1

λ − ϵ1


q

×

λ1−1−1∏
k=0

(
1 − (1 − τ1)qk

)
λ2−1∏
k=0

(
1 − τ1 − τ3q

k

)
×

λ3−1∏
k=0

τ3+qλ1

(
1 − τ1 − τ3q

λ2

) n − 1

λ − ϵ2


q

×

λ1−1∏
k=0

(
1 − (1 − τ1)qk

)
λ2−1−1∏

k=0

(
1 − τ1 − τ3q

k

)
×

λ3−1∏
k=0

τ3+qλ1+λ2τ3

 n − 1

λ − ϵ3


q

×

λ1−1∏
k=0

(
1 − (1 − τ1)qk

)
λ2−1∏
k=0

(
1 − τ1 − τ3q

k

)
×

λ3−1−1∏
k=0

τ3

=

 n − 1

λ − ϵ1


q

λ1−1∏
k=0

(
1 − (1 − τ1)qk

)
×

λ2−1∏
k=0

(
1 − τ1 − τ3q

k

)
λ3−1∏
k=0

τ3+

qλ1

 n − 1

λ − ϵ2


q

λ1−1∏
k=0

(
1 − (1 − τ1)qk

)
×
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λ2−1∏
k=0

(
1 − τ1 − τ3q

k

)
λ3−1∏
k=0

τ3+

qλ1+λ2

 n − 1

λ − ϵ3


q

λ1−1∏
k=0

(
1 − (1 − τ1)qk

)
×

λ2−1∏
k=0

(
1 − τ1 − τ3q

k

)
λ3−1∏
k=0

τ3

=

 n − 1

λ − ϵ1


q

+ qλ1

 n − 1

λ − ϵ2


q

+

qλ1+λ2

 n − 1

λ − ϵ3


q

 λ1−1∏
k=0

(
1 − (1 − τ1)qk

)
×

λ2−1∏
k=0

(
1 − τ1 − τ3q

k

)
λ3−1∏
k=0

τ3

=

 n

λ


q

λ1−1∏
k=0

(
1 − (1 − τ1)qk

)
×

λ2−1∏
k=0

(
1 − τ1 − τ3q

k

)
λ3−1∏
k=0

τ3 by applying of 1

=Bn
λ(τ ; T, q)

4 Partition of unity

Proposition 1 The q-Bernstein polynomial
functions on a triangle verify the partition of
the unit. ∑

|λ|=n

Bn
λ(τ ; T, q) = 1 (5)

Proof.
For n = 0: B0

0(τ ; T, q) = 1

we assume that relation 5 is true at rank

n ≥ 0
∑

|λ′|=n+1
Bn+1

λ′ (τ ; T, q) =

∑
|λ′|=n+1


(

1 − (1 − τ1)qλ′
1

)
Bn

λ′−ϵ1(τ ; T, q)+

qλ′
1

(
1 − τ1 − τ3q

λ′
2

)
Bn

λ′−ϵ2(τ ; T, q)+

qλ′
1+λ′

2τ3B
n
λ′−ϵ3(τ ; T, q)


=

∑
|λ′|=n+1

(
1 − (1 − τ1)qλ′

1

)
Bn

λ′−ϵ1(τ ; T, q)+

∑
|λ′|=n+1

qλ′
1

(
1 − τ1 − τ3q

λ′
2

)
Bn

λ′−ϵ2(τ ; T, q)+

∑
|λ′|=n+1

qλ′
1+λ′

2τ3B
n
λ′−ϵ3(τ ; T, q)

=
∑

|λ|=n

(
1 − (1 − τ1)qλ′

1

)
Bn

λ(τ ; T, q)+

∑
|λ|=n

qλ′
1

(
1 − τ1 − τ3q

λ′
2

)
Bn

λ(τ ; T, q)+

∑
|λ|=n

qλ′
1+λ′

2τ3B
n
λ(τ ; T, q)

=
∑

|λ|=n


(

1 − (1 − τ1)qλ′
1

)
+

qλ′
1

(
1 − τ1 − τ3q

λ′
2

)
+

qλ′
1+λ′

2τ3

Bn
λ(τ ; T, q)

=
∑

|λ|=n

Bn
λ(τ ; T, q) = 1

5 Degree elevation for q-
Bernstein polynomials

Proposition 2 The q-Bernstein Bezier poly-
nomial bn(τ ; T, q) of degree n, with

bn(τ ; T, q) =
∑

|λ|=n

bλBn
λ(τ ; T, q) (6)

can be written as follows:

bn(τ ; T, q) =
∑

|µ|=n+1
b(1)

µ Bn+1
µ (τ ; T, q) (7)
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where

b(1)
µ = 1

[n + 1]

3∑
k=1

µkbµ−ϵk , |µ| = n + 1.

Proof.

bn(τ ; T, q) =
∑

|λ|=n

bλBn
λ(τ ; T, q) (8)

is the q-Bernstein Bezier polynomial of degree
n. The product of Bn

λ(τ ; T, q) by

1 =
(

1 − (1 − τ1)qλ1

)
+

qλ1

(
1 − τ1 − τ3q

λ2

)
+ qλ1+λ2τ3

gives

bn(τ ; T, q) =
∑

|λ|=n

bλBn
λ(τ ; T, q)×


(

1 − (1 − τ1)qλ1

)
+

qλ1

(
1 − τ1 − τ3q

λ2

)
+ qλ1+λ2τ3



By development of Bn
λ(τ ; T, q), we show that

bn(τ ; T, q) =

∑
|λ|=n

bλ

 n

λ


q

λ1∏
k=0

(
1 − (1 − τ1)qk

)
×

λ2−1∏
k=0

(
1 − τ1 − τ3q

k

)
λ3−1∏
k=0

τ3+

∑
|λ|=n

qλ1bλ

 n

λ


q

λ1−1∏
k=0

(
1 − (1 − τ1)qk

)
×

λ2∏
k=0

(
1 − τ1 − τ3q

k

)
λ3−1∏
k=0

τ3+

∑
|λ|=n

qλ1+λ2bλ

 n

λ


q

λ1−1∏
k=0

(
1 − (1 − τ1)qk

)
×

λ2−1∏
k=0

(
1 − τ1 − τ3q

k

)
λ3∏

k=0
τ3

(9)
∀ λ′ = (λ′

1, λ′
2, λ′

3) such that |λ′| = n + 1,
the term

 n + 1

λ′


q

λ′
1−1∏

k=0

(
1 − (1 − τ1)qk

)
×

λ′
2−1∏

k=0

(
1 − τ1 − τ3q

k

) λ′
3−1∏

k=0
τ3

appears in the first, second and third terms
of 9 respectively with the coefficients

[λ′
1]

[n + 1]bλ′−ϵ1 , qλ1
[λ′

2]
[n + 1]bλ′−ϵ2 ,

qλ1+λ2
[λ′

3]
[n + 1]bλ′−ϵ3 .

These coefficients sum to

b
(1)
λ′ = 1

[n + 1]

(
[λ′

1]bλ′−ϵ1 + qλ1 [λ′
2]bλ′−ϵ2+

qλ1+λ2 [λ′
3]bλ′−ϵ3

)
.
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□

We deduce the following:

Corollary 1

x =
∑

|λ|=n

1
[n]

(
[λ1]x1 + [λ2]x2 + [λ3]x3

)
×

Bn
λ(τ ; T, q)

(10)

y =
∑

|λ|=n

1
[n]

(
[λ1]y1 + [λ2]y2 + [λ3]y3

)
×

Bn
λ(τ ; T, q)

(11)

Proof.(by recurrence)

For n = 1 we have

x =τ1x1 + τ2x2 + τ3x3

=
∑

|λ|=1

(
[λ1]x1 + [λ2]x2 + [λ3]x3

)
B1

λ(τ ; T, q).

because

[λ1]x1B
1
λ(τ ; T, q) =

[λ1]x1

 1

λ


q

λ1−1∏
k=0

(
1 − (1 − τ1)qk

)
×

λ2−1∏
k=0

(
1 − τ1 − τ3q

k

)
λ3−1∏
k=0

τ3

= τ1x1 for n=1 and by taking λ1 = 1.

Similarly, we obtain:

• [λ2]x2B
1
λ(τ ; T, q) = τ2x2

for n=1 and by taking λ2 = 1.

• [λ3]x3B
1
λ(τ ; T, q) = τ3x3

for n=1 and by taking λ3 = 1.

Assume equality for 10 is true n ≥ 1 then
we have:

x =
∑

|λ|=n

1
[n]

(
[λ1]x1+[λ2]x2+[λ3]x3

)
Bn

λ(τ ; T, q)

Let

cλ := 1
[n]

(
[λ1]x1 + [λ2]x2 + [λ3]x3

)
, |λ| = n

be the coefficients in the expression for x.
By formula 7, we deduce that

x =
∑

|λ′|=n+1
c

(1)
λ′ Bn+1

λ′ (τ ; T, q)

with

c
(1)
λ′ = 1

[n + 1]

(
[λ′

1]cλ′−ϵ1 + qλ1 [λ′
2]cλ′−ϵ2+

qλ1+λ2 [λ′
3]cλ′−ϵ3

)
; |λ′| = n + 1.

Development of the coefficient c
(1)
λ′ gives

[n + 1]c(1)
λ′ =

[λ′
1]

[n]

(
[λ′

1 − 1]x1 + [λ′
2]x2 + [λ′

3]x3

)
+

qλ1
[λ′

2]
[n]

(
[λ′

1]x1 + [λ′
2 − 1]x2 + [λ′

3]x3

)
+

qλ1+λ2
[λ′

3]
[n]

(
[λ′

1]x1 + [λ′
2]x2 + [λ′

3 − 1]x3

)

=[λ′
1]

[n]

(
[λ1]x1 + [λ2]x2 + [λ3]x3

)
+
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qλ1
[λ′

2]
[n]

(
[λ1]x1 + [λ2]x2 + [λ3]x3

)
+

qλ1+λ2
[λ′

3]
[n]

(
[λ1]x1 + [λ2]x2 + [λ3]x3

)

=[λ′
1]x1

[n]

(
[λ1] + qλ1 [λ2] + qλ1+λ2 [λ3]

)
+

[λ′
2]x2

[n]

(
[λ1] + qλ1 [λ2] + qλ1+λ2 [λ3]

)
+

[λ′
3]x3

[n]

(
[λ1] + qλ1 [λ2] + qλ1+λ2 [λ3]

)
=[λ′

1]x1 + [λ′
2]x2 + [λ′

3]x3

□

Thus equation 10 is proved. In the same way
we show 11.

6 Polynomial basis
Proposition 3 .
The family Bn

q = {Bn
λ(τ ; T, q), |λ| = n} of q-

Bernstein polynomials, forms a basis for the
space of polynomials of total degree m (m ≤ n)
on T , denoted: Pn(T ).

Proof. (We use the elevation of the degree for
the demonstration)
In [2] it’s clear that
card(Bn

q )=
(

n+2
2

)
=dim(Pn(T )).

Therefore, it remain to show that Bn
q is a gen-

erating family of the space Pn(T ), i.e
( xνyµ ∈ Bn

q , 0 ≤ ν + µ ≤ n).
we have

∑
|λ|=n

Bn
λ(τ ; T, q) = 1

thus 1 ∈ Bn
q . from 10 and 11, x and y are also

in the space spanned by Bn
q .

Now suppose,the proposition is true for n − 1,
there are then coefficients cλ(q), |λ| = n − 1,
which depend only on q such that
xν−1yµ =

∑
|λ|=n−1

cλ(q)Bn−1
λ (τ ; T, q)

as x = τ1x1 + τ2x2 + τ3x3
then

xνyµ =
(τ1x1 + τ2x2 + τ3x3)

∑
|λ|=n−1

cλ(q)Bn−1
λ (τ ; T, q).

We deduce that

xνyµ =
∑

|λ|=n−1

x1

δ
cλ(q)δτ1B

n−1
λ (τ ; T, q)+

∑
|λ|=n−1

x2

δ
cλ(q)δτ2B

n−1
λ (τ ; T, q)+

∑
|λ|=n−1

x3

δ
cλ(q)δτ3B

n−1
λ (τ ; T, q),

giving

xνyµ =∑
|λ|=n−1

x1

δ
cλ(q)

(
δτ1 + δτ2 + δτ3−

(δτ2 + δτ3)qλ1

)
×

Bn−1
λ (τ ; T, q)−∑

|λ|=n−1

x1

δ
cλ(q)

(
δτ2 + δτ3 − (δτ2 + δτ3)qλ1

)
×

Bn−1
λ (τ ; T, q)+∑

|λ|=n−1

x2

δ
cλ(q)

(
δτ2 + δτ3 − δτ3q

λ2

)
×

Bn−1
λ (τ ; T, q)−∑

|λ|=n−1

x2

δ
cλ(q)

(
δτ3 − δτ3q

λ2

)
Bn−1

λ (τ ; T, q)+
∑

|λ|=n−1
x3cλ(q)τ3B

n−1
λ (τ ; T, q)

=
∑

|λ|=n−1
x1cλ(q)

(
1 − (1 − τ1)qλ1

)
Bn−1

λ (τ ; T, q)−

∑
|λ|=n−1

x1cλ(q)
(

1 − τ1 − (1 − τ1)qλ1

)
×

Bn−1
λ (τ ; T, q)+∑

|λ|=n−1
x2cλ(q)

(
1 − τ1 − τ3q

λ2

)
Bn−1

λ (τ ; T, q)−

∑
|λ|=n−1

x2cλ(q)
(

τ3 − τ3q
λ2

)
Bn−1

λ (τ ; T, q)+
∑

|λ|=n−1
x3cλ(q)τ3B

n−1
λ (τ ; T, q),

Therefore
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xνyµ =
∑

|λ|=n−1

[λ1 + 1]
[n] x1cλ(q)Bn

λ+ϵ1(τ ; T, q)+

∑
|λ|=n−1

[λ2 + 1]
[n] x2cλ(q)Bn

λ+ϵ2(τ ; T, q)+

∑
|λ|=n−1

[λ3 + 1]
[n] x3cλ(q)Bn

λ+ϵ3(τ ; T, q)−

∑
|λ|=n−1

x1cλ(q)
(

1 − τ1 − (1 − τ1)qλ1

)
×

Bn−1
λ (τ ; T, q)−∑

|λ|=n−1

x2

δ
cλ(q)

(
τ3 − τ3q

λ2

)
Bn−1

λ (τ ; T, q)

we deduce

xνyµ =
∑

|λ|=n−1
d1

λ+ϵ1(q)Bn
λ+ϵ1(τ ; T, q)+

∑
|λ|=n−1

d1
λ+ϵ2(q)Bn

λ+ϵ2(τ ; T, q)+
∑

|λ|=n−1
d1

λ+ϵ3(q)Bn
λ+ϵ3(τ ; T, q)−

∑
|λ|=n−1

d2
λ(q)Bn−1

λ (τ ; T, q)

with

d1
λ+ϵi(q) = [λi + 1]

[n] xicλ(q), i = 1, 2, 3

and

d2
λ(q) =x1cλ(q)

(
1 − τ1 − (1 − τ1)qλ1

)
+

x2cλ(q)
(

τ3 − τ3q
λ2

)

By exchanging the indices we obtain

xνyµ =
∑

|λ|=n

d1
λ(q)Bn

λ(τ ; T, q)−
∑

|λ|=n−1
d2

λ(q)Bn−1
λ (τ ; T, q)

By degree elevation, there are some coefficients
d3

λ(q), |λ| = n such that:∑
|λ|=n−1

d2
λ(q)Bn−1

λ (τ ; T, q) =
∑

|λ|=n

d3
λ(q)Bn

λ(τ ; T, q)

We deduce:

xνyµ =
∑

|λ|=n

dλ(q)Bn
λ(τ ; T, q)

with
dλ(q) = d1

λ(q) − d3
λ(q)

□

7 q-Bézier patches over tri-
angles and q-de Castel-
jau algorithm

Here we define the patch q-Bernstein Bézier
(q-BB) of degree n for a triangle and the asso-
ciated q-de Casteljau algorithm for computing
the image of any point on the triangle.

Let H be a parametric surface defined by

H(τ) =
∑

|λ|=n

PλBn
λ(τ ; T, q), (12)

where τ = (τ1, τ2, τ3) are the barycentric
coordinates of a point V with respect to the
triangle T and Pλ ∈ R3, |λ| = n, are the(

n+2
n

)
control points of the patch q-BB.

Proposition 4 let H(τ) =
∑

|λ|=n

PλBn
λ(τ ; T, q)

be a patch q-BB on a triangle T . Then, for any
point V of barycentric coordinates τ in T , the
value H(τ) is recursively computed as follows:

H(τ) =
∑

|λ|=n−r

P r
λ(τ)Bn−r

λ (τ ; T, q) (13)

where P 0
λ (τ) := Pλ,

and for r = 1, · · · , n ; |λ| = n − r,

P r
λ(τ) :=

(
1 − (1 − τ1)qλ1+1

)
P r−1

λ+ϵ1(τ)+

qλ1

(
1 − τ1 − τ3q

λ2+1
)

P r−1
λ+ϵ2(τ)+

qλ1+λ2τ3P
r−1
λ+ϵ3(τ)

then P n
0,0,0 := H(τ)
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Proof.

H(τ) =
∑

|λ|=n−r

P r
λ(τ)Bn−r

λ (τ ; T, q)

H(τ) =
∑

|λ′|=n−r+1
P r−1

λ′ Bn−r+1
λ′ (τ ; T, q)

applying the recurrence formula, we obtain:

H(τ) =
∑

|λ′|=n−r+1
P r−1

λ′


(

1 − (1 − τ1)qλ′
1

)
×

Bn−r
λ′−ϵ1(τ ; T, q)+

qλ′
1

(
1 − τ1 − τ3q

λ′
2

)
Bn−r

λ′−ϵ2(τ ; T, q)+

qλ′
1+λ′

2τ3B
n−r
λ′−ϵ3(τ ; T, q)


=

∑
|λ′|=n−r+1

P r−1
λ′

(
1 − (1 − τ1)qλ′

1

)
×

Bn−r
λ′−ϵ1(τ ; T, q)+

qλ′
1P r−1

λ′

(
1 − τ1 − τ3q

λ′
2

)
Bn−r

λ′−ϵ2(τ ; T, q)+

P r−1
λ′ qλ′

1+λ′
2τ3B

n−r
λ′−ϵ3(τ ; T, q)


by a changing of variable, we have:

H(τ) =
∑

|λ|=n−r

P r−1
λ+ϵ1

(
1 − (1 − τ1)qλ1+1

)
×

Bn−r
λ (τ ; T, q)+

qλ1P r−1
λ+ϵ2

(
1 − τ1 − τ3q

λ2+1
)

Bn−r
λ (τ ; T, q)+

P r−1
λ+ϵ3qλ1+λ2τ3B

n−r
λ (τ ; T, q)



H(τ) =
∑

|λ|=n−r

P r−1
λ+ϵ1

(
1 − (1 − τ1)qλ1+1

)
+

P r−1
λ+ϵ2qλ1

(
1 − τ1 − τ3q

λ2+1
)

+ P r−1
λ+ϵ3qλ1+λ2τ3

×

Bn−r
λ (τ ; T, q)

H(τ) =
∑

|λ|=n−r


(

1 − (1 − τ1)qλ1+1
)

P r−1
λ+ϵ1+

qλ1

(
1 − τ1 − τ3q

λ2+1
)

P r−1
λ+ϵ2+

qλ1+λ2τ3P
r−1
λ+ϵ3

Bn−r
λ (τ ; T, q)

Hence

P r
λ =

(
1 − (1 − τ1)qλ1+1

)
P r−1

λ+ϵ1+

qλ1

(
1 − τ1 − τ3q

λ2+1
)

P r−1
λ+ϵ2+

qλ1+λ2τ3P
r−1
λ+ϵ3

□

8 Conclusion
In this paper, we have defined new q-Bernstein
basis functions on a triangulated domain.We
then proved some properties verified by these
functions, such as the recurrence relation, the
partition of unity, the degree raising, we also
proved that these function form a basis. Fi-
nally, we gave some examples of q-Bernstein
Bezier patches. In the future, we will establish
Marsden’s identity, simulate the finite element
family constructed by Haudié et al.[17] and try
to generalize this method.
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Figure 1: The effect of q-parameter on the cubic q-Bernstein polynomial B3
300(τ ; T, q), from left to

right: q = −1.5, q = 1 and q = 2

Figure 2: The effect of q-parameter on the cubic q-Bernstein polynomial B3
210(τ ; T, q), from left to

right: q = −1.5, q = 1 and q = 2

Figure 3: The effect of q-parameter on the cubic q-Bernstein polynomial B3
111(τ ; T, q), from left to

right: q = −1, 5, q = 1 et q = 2
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Figure 4: Triangulation describing the q-de Casteljau algorithm for n = 3 [14]

Figure 5: The effect of q-parameter on the cubic q-BB patches. The q values from left to right: q = 0.7;
q = 1 and q = 1, 5. The controls points are P300 = P030 = P003 = (0, 0, 0), P210 = (−1, −1, 0), P120 =
(0, −1, 0), P021 = (1, 0, 0), P012 = (1, 1, 0), P102 = (0, 1, 0), P201 = (−1, 0, 0), P111 = (0, 0, 1).

Figure 6: The effect of q-parameter on the cubic q-BB patches. The qq values from left to right:
q = 0.7; q = 1 and q = 1, 5. The checking points are P300 = (0, 0, 0), P030 = (5, 1, 0), P003 =
(2, 4, 0), P210 = (1, 0, 2), P120 = (3, 0, 1), P021 = (4, 2, 2), P012 = (3, 3, 1), P102 = (0, 2, 2), P201 =
(0, 1, 1), P111 = (2, 1, 3).

.
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