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of one billion and impairing economic ac-
tivity up to 88% according to the World
Health Organization (WHO) 2023. In order
to eradicate filariasis, some authors had al-
ready conducted research on the subject see
[1, 2, 6, 19, 20, 21]. Among these authors
we can retain Bhunu and Mushayabasa [2]
who in their article proposed a model on
Lymphatic filariasis. They studied the lo-
cal stability of the equilibrium points us-
ing as a tool the central variety theory [4]
and theorem 4.1 of the paper by Castillo-
Chavez and Song [5]. In addition, they con-
sidered the transition from the exposed to
the infectious state as a reinfection and a
simple transition, using an incidence func-
tion λm depending on Im and a constant ρ.
In this work, we first propose a determin-
istic model with a constant λ as the tran-
sition rate from the exposed state to the
infectious state. Indeed, we consider that
a human in the incubation phase of Lym-
phatic filariasis, with a low immune system,
does not need to be reinfected to become
infectious. For this model, we establish the
global stability of the disease-free equilib-
rium point by using Varga’s theorem [22]
and the standard comparison theorem of
Lakshmikantham et al [14]. From the deter-
ministic model we reach a stochastic model
by adding four white noises. We study
the existence and uniqueness of the solution
from results on stochastic differential equa-
tions (see [17]) and then study the extinc-
tion and persistence in mean of the stochas-
tic system under certain assumptions. Fi-
nally, we conclude with numerical simula-
tions to evaluate the results.

2 Deterministic model

2.1 Formulation of the deter-
ministic model

This section is devoted to the presenta-
tion of the deterministic model. Consider
Nh and Nm population size of humans and
mosquitoes respectively. According to the
epidemiological status of Lymphatic filar-
iasis, we subdivide the human population

into three compartments : susceptible Sh,
incubating Eh and infectious Ih. Thus, the
total human population is given by

Nh = Sh + Eh + Ih.

The mosquito population is subdivided into
two compartments : the susceptible Sm and
the infectious Im so the total mosquito pop-
ulation is given by

Nm = Sm + Im.

The human and mosquitoes beings are re-
cruited into their corresponding suscepti-
ble populations at rates Λh and Λm, re-
spectively. Mosquitoes experience natu-
ral death rate at a rate µm which is pro-
portional to the number in each mosquito
class. Similarly, human beings experience
natural death at a rate µh, which is pro-
portional to the number in each human-
class. The mosquito ingests microfilariae
when biting a human who is infected with
filariasis (elephantiasis-causing nematodes)
at a rate

λ1 = βh

Nh

and λ2 = βhθh

Nh

.

Here, βh is the average number of mosquito
bites that cause transmission of dis-
ease from infected human to susceptible
mosquito; θh ∈ (0, 1) accounts for reduced
number of microfilariae in the blood stream
of individuals infected but not showing ele-
phantiasis symptoms. Upon getting in-
fected, susceptible mosquitoes enter the in-
fected class Im. Filariform juveniles escape
from mosquito’s proboscis when the insect
is feeding and then penetrate wound struc-
ture of a human being at a rate

λm = βm

Nm

,

where βm is the average number of mosquito
bites that cause transmission of disease
from infectious mosquito to susceptible hu-
man per mosquito.
The compartmental diagram describing the
progression of infection in the different com-
partments is given by figure 1.
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Sh Eh IhΛh

µhSh

µhIh

λmImSh λEh

µhEh

Im Sm Λm

λ1IhSm + λ2EhSm

µmIm µmSm

Figure 1: Transfer diagram of the deterministic model

The description leads to the following
system of differential equations :

dSh(t)
dt

= Λh − λmIm(t)Sh(t) − µhSh(t),
dEh(t)
dt

= λmIm(t)Sh(t) − (λ+ µh)Eh(t),
dIh(t)
dt

= λEh − µhIh(t),
dSm(t)
dt

= Λm − (λ1Ih(t) + λ2Eh(t))Sm(t)
−µmSm(t),

dIm(t)
dt

= (λ1Ih(t) + λ2Eh(t))Sm(t) − µmIm(t),
(1)

where

(Sh(0), Eh(0), Ih(0), Sm(0), Im(0)) ∈ R5
+,

λm = βm

Nm

, λ1 = βh

Nh

and λ2 = βhθh

Nh

.

The following tables give a description of all these parameters.

Table 1: Variables for humans hosts.

Notations Biological description
Sh compartment of susceptible humans
Eh compartment of latent humans
Ih compartment of infectious humans

Table 2: Variables for vectors hosts.

Notations Biological description
Sm compartment of susceptible mosquitoes
Im compartment of infectious mosquitoes
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Table 3: Parameters for the humans hosts

Parameters Biological description
Λh constant recruitment rate of human (it also includes births).

βh
rate of passage from susceptible humans to infectious humans
through blood transfusion

λ rate of passage from latent human to infectious human

θh
accounts for reduced number of microfilariae in the blood stream
of individuals infected but not showing elephantiasis symptoms

µh mortality rate on human

Table 4: Parameters for the mosquitoes hosts

Parameters Biological description
Λm constant recruitment rate of mosquitoes

βm
average number of mosquito bites that cause transmission of dis-
ease from infectious mosquito to susceptible human per mosquito

µm Mosquito mortality rate

2.2 Existence and uniqueness
of solution of the deter-
ministic model

In this section we verify that the system
(1) is mathematically and epidemiologically
well-posed for all t ≥ 0.

Proposition 2.1 The positive orthant R5
+

is positively invariant.

Proof 2.1 Let us show that {Sh(t) ≥ 0}
is positively invariant.
Set x = (Sh(t), Eh(t), Ih(t), Sm(t), Im(t))T

where T denotes the transposition and con-
sider the function φ : R5 −→ R, x 7−→
−Sh. The function φ is differentiable on R5

and we have
∇φ(x) = (−1, 0, 0, 0, 0) ̸= 0R5 for all x ∈
φ−1({0}),

X(x) =
Λh

−(µh + λ)Eh(t)
λEh(t) − µhIh(t)

Λm − (λ1Ih(t) + λ2Eh(t))Sm(t) − µmSm(t)
(λ1Ih(t) + λ2Eh(t))Sm(t) − µmIm(t)

 ,

⟨∇φ(x), X(x)⟩ = −Λh ≤ 0.

So the barrier theorem (see [15]) applies
and therefore {Sh(t) ≥ 0} is positively in-
variant for system (1). Similar evidence
shows that {Eh(t) ≥ 0}, {Ih(t) ≥ 0},
{Sm(t) ≥ 0} and {Im(t) ≥ 0} are positively
invariant. Then R5

+ is positively invariant
for the system (1).

Lemma 2.1
The set Γ0 = Γh × Γm ⊂ R3

+ × R2
+ where

Γh =
{
(Sh(t), Eh(t), Ih(t) ∈ R3

+ : Sh(t) +

Eh(t) + Ih(t) ≤ Λh

µh

, Sh(t) ≤ Λh

µh

}
and

Γm =
{
(Sm(t), Im(t)) ∈ R2

+ : Sm(t) +

Im(t) = Λm

µm

, Sm(t) ≤ Λm

µm

}
is compact at-

tractive positively invariant for the system
(1).

Proof 2.2 By summing the first three
equations of system (1), we get :

dN(t)
dt

= Λh − µhSh(t) − µhEh(t) (2)

−µhIh(t), ∀t ∈ R+.
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It follows that :

dNh(t)
dt

= Λh − µhNh(t). (3)

By applying the principle of solving differ-
ential inequalities developed by Birkhoff and
Rota [3] to inequality (3), we get :

Nh(t) = Λh

µh

−(Nh(0)−Λh

µh

) exp(−µht). (4)

By passage to the limit in (4), we obtain :

lim
t→+∞

Nh(t) = Λh

µh

.

By the same principle, we show that :

lim
t→+∞

Nm(t) = Λm

µm

.

Therefore Γ0 is positively invariant.

Thus, without loss of generality we assume
that

Nh(t) = Λh

µh

et Nm(t) = Λm

µm

, ∀t ∈ R+.

2.3 Existence of equilibria
In this section, we calculate the basic repro-
duction number R0 and equilibria points of
system (1). System (1) have a disease-free
equilibrium given by

E0 = (S0
h, E

0
h, I

0
h, S

0
m, I

0
m) where S0

h = Λh

µh

,

E0
h = 0, I0

h = 0, S0
m = Λm

µm

and I0
m = 0.

By using "next generation matrix" method
proposed by van den Driessche and Wat-
mough [10], we arrive to calculate R0.

Proposition 2.2 The basic reproduction
number of system (1) is

R0 =

√√√√ΛhΛmλm(λ1µh + λλ2)
µ2

hµ
2
m(λ+ µh) .

Proof 2.3 The new infection matrix F
and the transition matrix V are given by

F =

 0 0 λmS
0
h(t)

0 0 0
λ2S

0
m λ1S

0
m 0

 and

V =

 −(λ+ µm) 0 0
λ −µh 0
0 0 −µm

 .
So the next generation matrix is

−FV−1

=


0 0 λm

µm

S0
h

0 0 0
λ2S

0
m

λ+ µh

+ λλ1S
0
m

µh(λ+ µh)
λ2

µh

0

 .

Therefore

R0 = ρ(−FV −1) (5)

=

√√√√S0
hS

0
mλm(λ2µh + λλ1)
µhµm(λ+ µh) .

Replacing S0
h and S0

m by (5) we get

R0 =

√√√√ΛhΛmλm(λ2µh + λλ1)
µ2

hµ
2
m(λ+ µh) .

2.4 Stability study of disease-
free equilibrium

In this section, we study the stability of of
disease-free equilibrium of system (1). The
local stability result is stated as follow.

Theorem 2.1 If R0 < 1, then the disease-
free equilibrium point is locally asymptoti-
cally stable.

Proof 2.4 Let us suppose that R0 < 1.
It is sufficient to show that the eigenvalues
of the Jacobian matrix of system (1) at the
point E0 are negative real part. By a simple
calculation, we show that the characteristic
equation at the point E0 checks.

(µh +X) (µm +X)Q(X) = 0,
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where,

Q(X)
= X3 + [(µh + λ) + (µh + µm)]X2 +

[(µh + λ) (µh + µm) + µmµh]X
−λ2λmS

0
hS

0
mX + µmµh (µh + λ)

−µhhλ2λmS
0
hS

0
m − λmλλ1S

0
hS

0
m.

Let

σ1 = (µh + λ) + (µh + µm) ,
σ2 = (µh + λ) (µh + µm) +

µmµh − λ2λmS
0
hS

0
m,

σ3 = µmµh (µh + λ) − µhλ2λmS
0
hS

0
m

−λmλλ1S
0
hS

0
m.

We have

σ3 = µmµh (µh + λ)
[
1 − R2

0

]
.

Using the fact that R0 < 1, we get

S0
hS

0
mλm(λ2µh + λλ1) < µhµm(λ+ µh)

⇒ S0
hS

0
mλmλ2µh < µhµm(λ+ µh)

⇒ S0
hS

0
mλmλ2 < µm(λ+ µh)

⇒ −S0
hS

0
mλmλ2 > −µm(λ+ µh)

⇒ σ2 > (µh + λ) (µh + µm)
+µmµh − µm(λ+ µh)

⇒ σ2 > µh (µh + λ) .

Thus σ1, σ2, σ3 > 0 for R0 < 1. In ad-
dition,

σ1σ2 > µhµm(λ+ µh) ⇒ σ1σ2 >

µhµm(λ+ µh)(1 − R0) = σ3.

So by applying the Routh Hurtwiz criterion,
we conclude that all roots of Q are negative
real part. Moreover the eigenvalues −µh

and −µm are negative. This completes the
proof.

Let us introduce the notations

lim inf
t→∞

φ(t) = φ∞,

lim sup
t→∞

φ(t) = φ∞.

To establish the global stability of the equi-
librium point E0, let us begin by stating the
following lemma.

Lemma 2.2 (see [12]) Let φ : R+ → R
be a bounded and continuously differentiable
function. Then, there are two sequences
{vn} and {tn} such that vn −→ ∞,
tn −→ ∞, φ(vn) −→ φ∞, φ′(vn) −→ 0
and φ(tn) −→ φ∞ and φ′(tn) −→ 0 when
n −→ ∞.

Theorem 2.2 The equilibrium point E0 of
the model (1) is globally asymptotically sta-
ble when R0 < 1.

Proof 2.5 Let (Sh(t), Eh(t), Ih(t), Sm(t), Im(t))
be a solution of the system with initial con-
ditions in Γ0. According to the lemma 2.1,
Γ0 is positively invariant and therefore we
deduce that
S∞

h ≤ Λh

µh

and S∞
m ≤ Λm

µm

. Using the lemma
2.1, we obtain the following system of linear
inequalities



dEh(t)
dt

≤ Λh

µh

λmIm(t) − (λ+ µh)Eh(t),
dIh(t)
dt

≤ λEh − µhIh(t),
dIm(t)
dt

≤ Λm

µm

(λ1Ih(t) + λ2Eh(t)) − µmIm(t).

(6)

System (6) can be written as

dY (t) ≤ AY, (7)

where

Y (t) =


Eh(t)

Ih(t)

Im(t)

 and

A =


−(λ+ µh) 0 Λh

µh

λm

λ −µh 0
Λm

µm

λ2
Λm

µm

λ1 −µm


The matrix A is a Metzler matrix and its
linear decomposition is given by : A =
F + V , where
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F =


0 0 Λh

µh

λm

0 0 0
Λm

µm

λ2
Λm

µm

λ1 0

 and

V =

 −(λ+ µh) 0 0
λ −µh 0
0 0 −µm

 .
Moreover V is a Metzler matrix and

therefore inverse invertible

V −1 =


− 1
λ+ µh

0 0

− λ

µh(λ+ µh) − 1
µh

0

0 0 − 1
µm

 .

We also note that F ≥ 0, −V −1 ≥
0 and R0 = ρ(−FV −1). Since R0 =
ρ(−FV −1) < 1, then the theorem of Varga
(see [22]) allows us to deduce that A is
asymptotically stable, i.e. the eigenval-
ues of A are negative real part. Us-
ing the standard comparison theorem of
Laksmikantham et al. see [14], we de-
duce that Eh(t) −→ 0, Ih(t) −→ 0, Im −→
0 when t −→ ∞ and therefore E∞

h = 0,
I∞

h = 0 and I∞
m = 0. According to the

lemma 2.2, there exists a sequence {tn}
such that tn −→ ∞, Sh(tn) −→ Sh,∞,
Sm(tn) −→ Sm,∞ and S ′

h(tn) −→ 0,
S ′

m(tn) −→ 0 when n −→ 0. Thus,
dSh(tn)
dt

= Λh − λmIm(tn)Sh(tn)

− µhSh(tn),
dSm(tn)
dt

= Λm − λ1Ih(tn)Sm(tn)

− λ2Eh(tn)Sm(tn) − µmSm(tn).

When n −→ ∞, then

0 = Λh − λmIm,∞Sh,∞ − µhSh,∞,

0 = Λm − (λ1Ih,∞ + λ2Eh,∞)Sm,∞

− µmSm,∞.

It follows that

0 ≥ Λh − λmI
∞
m Sh,∞ − µhSh,∞,

0 ≥ Λm − (λ1I
∞
h + λ2E

∞
h )Sm,∞

− µmSm,∞.

Thus

Λh

µh

≤ Sh,∞ ≤ S∞
h ≤ Λh

µh

,

Λm

µm

≤ Sm,∞ ≤ S∞
m ≤ Λm

µm

.

Thanks to the fact that E∞
h = I∞

h = I∞
m = 0

and S∞
h ≤ Λh

µh

, S∞
m ≤ Λm

µm

. It follows

that lim
t→∞

Sh(t) = Λh

µh

and lim
t→∞

Sm(t) = Λm

µm

.
So (Sh(t), Eh(t), Ih(t), Sm(t), Im(t)) → E0
in Γ0 when t → ∞. This completes the
proof.

Let us now introduce the proportions

sh(t) = Sh(t)
Nh

, eh(t) = Eh(t)
Nh

,

ih(t) = Ih(t)
Nh

, sm(t) = Sm(t)
Nm

,

im(t) = Im(t)
Nm

,

and also, taking into account the equalities
sh(t)+eh(t)+ ih(t) = 1 and sm(t)+ im(t) =
1. Thus system (1) reduces to

dsh(t)
dt

= µh − β1(t)im(t)sh(t) − µhsh(t),
deh(t)
dt

= β1im(t)sh(t) − (λ+ µh)eh(t),
dih(t)
dt

= λeh − µhih(t),
dsm(t)
dt

= µm − (β3ih(t) + β2eh(t))sm(t)
−µmsm(t),

dim(t)
dt

= (β3ih(t) + β2eh(t))sm(t) − µmim(t),

(8)

where,

β1 = βm, β2 = θhβh, β3 = βh.

3 Stochastic model
We give some basic theory in equations dif-
ferentials stochastic (see [16]). Throughout
this paper, unless otherwise specified, let
(Ω,F ,P) a complete probability space with
(Ft)t≥0 filtration that satisfying the usual
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conditions. We note
R5

+ =
{

(x1, x2, x3, x4, x5) ∈ R5 :
x1 > 0, x2 > 0, x3 > 0, x4 > 0, x5 > 0

}
and

χ+ =
{

(x1, x2, x3, x4, x5) ∈ R5
+ : x1 + x2 +

x3 < 1, x4 + x5 < 1
}
.

The following stochastic system is con-
sidered

dX(t) = f(t,X(t))dt+ g(t,X(t))dB(t), (9)

for t ≥ t0 withX(t0) = X0 ∈ Rn, B(t)
denotes n dimensional standard Brownian
motion defined on the above probability
space. Define the differential operator L
associated to (9) by :

LV (t,X) = ∂V (t,X)
dt

+ fT ∂V (t,X)
dX

(10)

+ 1
2Tr

[
gT ∂

2V (t,X)
dX2 g

]
where

V (t,X) ∈ C1,2 (R × Rm) .

The stochastic version of the deterministic
system (8) is given by :


dsh(t) = [µh − β1im(t)sh(t) − µhsh(t)] dt+
P1(t),

deh(t) = [β1im(t)sh(t) − (λ+ µh)eh(t)] dt+
P2(t),

dih(t) = [λeh − µhih(t)] dt+ η2eh(t)dB2(t),
dsm(t) = [µm − (β3ih(t) + β2eh(t))sm(t)] dt

−µmsm(t)dt+ P3(t),
dim(t) = [(β3ih(t) + β2eh(t))sm(t)] dt

−µmim(t)dt+ P4(t)

(11)

where Bj,j = 1, 4 are mutually independent
Brownians and ηj,j = 1, 4 are their respec-
tive intensities and

P1(t) = −η1im(t)sh(t)dB1(t);
P2(t) = η1im(t)sh(t)dB1(t)

−η2eh(t)dB2(t);
P3(t) = −η3ih(t)sm(t)dB3(t)

−η4ehsm(t)dB4(t);
P4(t) = η3ih(t)sm(t)dB3(t)

+η4ehsm(t)dB4(t).

3.1 Existence of a positive
global solution

In this section, inspired by the method in
[8, 18], we show that there is a unique global
positive solution of system (11). We estab-
lish the following theorem.
Theorem 3.1 For all initial values
x(0) = (sh(0), eh(0), ih(0), sm(0), im(0)) ∈
χ+, there is a unique solution x(t) =
(Sh(t), Eh(t), Ih(t), sm(t), im(t)) for the sys-
tem such that
P(x(t) ∈ χ+) = 1 for all t ≥ 0.
Proof 3.1 Let’s call it
nh(t) = Sh(t) + Eh(t) + ih(t) the sum of
the respective proportions of susceptible,
infected and recovered humans at time
t and nm(t) = sm(t) + im(t) that of
the proportions of susceptible and infected
mosquitoes at time t. For all x(ξ) =
(sh(ξ), eh(ξ), ih(ξ), sm(ξ), im(ξ)) belongs to
R5

+ a.s we have :
dnh(ξ) = [µH − µhnh(ξ)] dξ a.s.,(12)
dnm(ξ) = [µm − µmnm(ξ)] dξ a.s.(13)

Using Gronwall’s lemma, we get :
nh(ξ) = 1 + (nh(0) − 1) exp(−µhξ) a.s.,
nm(ξ) = 1 + (nm(0) − 1) exp(−µmξ) a.s.
Since (sh(0), eh(0), ih(0), sm(0), im(0)) ∈
χ+, then nh(ξ) < 1 a.s. and nm(ξ) < 1 a.s.
So, x(ξ) ∈ (0, 1)5 for all ξ ∈ [0, t]. More-
over, since the coefficients of system (11)
are locally Lipschitzian, there is a unique
solution (Sh(t), Eh(t), Ih(t), sm(t), im(t)) on
any fixed interval [0, t].
Let x(t) = (Sh(t), Eh(t), Ih(t), sm(t), im(t))
a solution of system (11) where, t ∈
[0, τe) and τe is the explosion time. To
show that x(t) is global, we need only
show that τe = ∞. To this end, let
α0 ∈ (0, 1) be sufficiently small such that
(sh(0), eh(0), ih(0), sm(0), im(0)) ∈ (α0, 1 −
α0)5. For 0 < α ≤ α0, define the stopping
time τα through

τα = inf
{
t ∈ [0, τe) :

sh(t) ∧ eh(t) ∧ ih(t) ∧ sm(t) ∧ im(t) ≤ α or
sh(t) ∨ eh(t) ∨ ih(t) ∨ sm(t) ∨ im(t) ≥ 1 − α

}
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where in this paper we assume that inf (∅) =
∞. Clearly τα is increasing as α → 0.
Set τ∞ = limα→0 τα, hence τ∞ ≤ τe

because τα ≤ τe. If we can verify that
τ∞ = ∞ a.s, then τe = ∞ and x(t) =
(sh(t), eh(t), ih(t), sm(t), im(t)) ∈ χ+, ∀t ≥
0. If this assertion is not true, then there
exists a pair constant T > 0 and ζ ∈ (0, 1)
such that

P({τ∞ ≤ T}) > ζ. (14)

Therefore, there is an positive constant
α1 ≤ α0 such that

P({τα ≤ T}) > ζ, ∀α ∈ (0, α1]. (15)

Define a non-negative C2−function w of
∈ χ+ in R+ as follows

w(x(t)) = wsh
+ weh

+ wih
+ wsm + wim ,

where,

wsh
= − ln(sh(t)),

weh
= − ln(eh(t)),

wih
= − ln(ih(t)),

wsm = − ln(sm(t)),
wim = − ln(im(t)).

Let α ∈ (0, α0] and let T > 0 be arbitrary.
Using Itô’s formula [17] and for all t ≥ 0
fixed and ξ ∈ [0, t], we get

dwsh
=

[
−µh

sh(ξ) + β1im(ξ) + µh

]
dξ

+1
2η

2
1i

2
m(ξ)dξ + η1im(ξ)dB1(ξ)

≤ [β1im(ξ) + µh] dξ

+1
2η

2
1i

2
m(ξ)dξ + η1im(ξ)dB1(ξ)

≤
(
β1 + µh + 1

2η
2
1

)
dξ

+η1im(ξ)dB1(ξ),

thanks to the fact that im ∈ (0, 1).

dweh
=

[
−β1im(ξ)sh(ξ)e−1

h (ξ) + (λ+ µh)
]
dξ

+
[1
2η

2
1i

2
m(ξ)s2

h(ξ)e−2
h (ξ) + 1

2η
2
2

]
dξ

−η1im(ξ)sh(ξ)e−1
h (ξ)dB1(ξ)

+η2dB2(ξ)

≤
[
(λ+ µh + 1

2η
2
2) + 1

2η1e
−2
h (ξ)

]
dξ

−η1im(ξ)sh(ξ)e−1
h (ξ)dB1(ξ)

+η2dB2(ξ)

thanks to the fact that im, sh ∈ (0, 1).

dwih
=

[
−λeh(ξ)i−1

h (ξ)
]
dξ

+
[
µh + 1

2η
2
2e

2
h(ξ)i−2

h (ξ)
]
dξ

−η1eh(ξ)i−1
h (ξ)dB2(ξ)

≤
(
µh + 1

2η
2
2i

−2
h (ξ)

)
dξ

−η2eh(ξ)i−1
h (ξ)dB2(ξ)

since eh ∈ (0, 1). As the applications eh and
ih are continuous then by using the theorem
of Weierstrass, we obtain

inf
ξ∈[0,max{T,τα}]

eh(ξ) = c1 < ∞ and

inf
ξ∈[0,max{T,τα}]

ih(ξ) = c2 < ∞.

So,

dwsh
+ dweh

+ dwih
≤ k1(ξ) + g1(ξ)dB1(ξ)

+g2(ξ)dB2(ξ),

where

k1dξ = (β1 + 3µh + λ) dξ (16)

+1
2
(
η2

1 + η2
2 + η2

1c
−2
1 + η2

2c
−2
2

)
dξ,

g1(ξ) =
(
η1im(ξ) − η1im(ξ)sh(ξ)e−1

h (ξ)
)
,

g2(ξ) =
(
η2dB2(ξ) − η2eh(ξ)i−1

h (ξ)
)
.

Likewise by Itô’s formula, we get

dwsm =
[−µm

sm

+ (β3ih(ξ) + β2eh(ξ))
]
dξ

+
[
µm + 1

2η
2
3i

2
h(ξ) + 1

2η
2
4e

2
h(ξ)

]
dξ

+η3ih(ξ)dB3(ξ) + η4eh(ξ)dB4(ξ)

≤
(
β3 + β2 + µm + 1

2η
2
3 + 1

2η
2
4

)
dξ

+η3ih(ξ)dB3(ξ) + η4eh(ξ)dB4(ξ),
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and

dwim =
[
−(β3ih(ξ) + β2eh(ξ))sm(ξ)i−1

m

]
dξ

+
[
µm + 1

2η
2
3i

2
h(ξ)s2

m(ξ)i−2
m (ξ)

]
dξ

+1
2η

2
4e

2
hs

2
m(ξ)(ξ)i−2

m (ξ)dξ

−η3ih(ξ)i−1
m (ξ)dB3(ξ)

−η4eh(ξ)i−1
m (ξ)dB4(ξ)

≤
[
µm + 1

2η
2
3i

−2
m (ξ) + 1

2η
2
4i

−2
m (ξ)

]
dξ

−η3ih(ξ)i−1
m (ξ)dB3(ξ)

−η4eh(ξ)i−1
m (ξ)dB4(ξ).

Since the applications im is continuous then
by using the theorem of Weierstrass, we ob-
tain

inf
ξ∈[0,max{T,τα}]

im(ξ) = c3 < ∞.

So,

dwsm + dwim ≤ k2(ξ) + g3(ξ)dB3(ξ)
+g4(ξ)dB4(ξ),

where,

k2dξ = 1
2
(
η2

3 + η2
4 + η2

3c
−2
3 + η2

4c
−2
3

)
dξ

+ (β3 + β2 + 2µm) dξ
g3(ξ) =

(
η3ih(ξ) − η3ih(ξ)i−1

m (ξ)
)
,

g4(ξ) =
(
η4eh(ξ) − η4eh(ξ)i−1

m (ξ)
)
.

Therefore, we get

dw(x(ξ)) ≤ (k1 + k2) dξ +
4∑

j=1
gj(ξ)dBj(ξ).(17)

Integrating above inequality from 0 to τα∧T
on both sides yields

w(x(τα ∧ T )) ≤ w(x(0))
+ (k1 + k2) (τα ∧ T )

+
4∑

j=1

∫ τα∧T

0
gj(ξ)dBj(ξ).

Let

hj = sup
ξ∈[0,τα∧T ]

{gj(ξ)} , j = 1, 4. (18)

Since the applications eh, ih and im are con-
tinuous then by using Weierstrass theorem,
we get

hj < ∞, j = 1, 4. (19)

Hence

w(x(τα ∧ T )) ≤ w(x(0)) + (k1 + k2) (τα ∧ T )
+∑4

j=1 hjBj(t).

By taking the expectations on both sides, we
get

E (w(x(τα ∧ T ))) ≤ w(x(0))
+ (k1 + k2)E (τα ∧ T )
≤ w(x(0)) + (k1 + k2)T.

Set Ωα = {τα ≤ T} for 0 < α ≤ α1. From
(15) we have

P(Ωα) > ζ. (20)

Noticing that every ω ∈ Ωα some compo-
nents x(τα) equals α or 1 − α. Thus,

w(x(τα)) ≥ [− lnα] ∧ [ln (1 − α)] .

Furthermore, we have

E [w(x(τα ∧ T, ω))]
= E [1Ωα(ω)w(x(τα ∧ T, ω))]

+E
[
1Ωα

(ω)w(x(τα ∧ T, ω))
]

≥ E [1Ωα(ω)w(x(τα ∧ T, ω))]
≥ E [1Ωα(ω)w(x(τα, ω))]
≥ P (Ωα) [− lnα] ∧ [ln (1 − α)]
≥ ζ [− lnα] ∧ [ln (1 − α)] ,

where 1Ωα denotes the indicator function of
Ωα and Ωα = {τα > T} for 0 < α ≤ α1.
Consequently

w(x(0)) + (k1 + k2)T ≥ (21)
ζ [− lnα] ∧ [ln (1 − α)] . (22)

Letting α −→ 0 in (22) leads to

∞ > w(x(0)) + (k1 + k2)T = ∞.a.s., (23)

which yields the contradiction. Hence we
derive τ∞ = ∞ .a.s. This means that the
solutions x(t) will not explode in a finite
time a.s. This completes the proof.
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3.2 Extinction of filariasis
In the deterministic model, the value of R0
guarantees the persistence or extinction of
filariasis. When R0 is less than one, the
disease-free equilibrium point of the sys-
tem is globally asymptotically stable. This
means that the number of cases of filariasis
infection decreases until it becomes zero. In
this section, we determine some criteria for
the extinction of filariasis in the case of the
stochastic model. Set

Re
0 = β2

1η
−2
1

2 (η2
2 + 2λ+ 2µh) ,

Rm
0 = 1

µm

(
β2

3η
2
4 + β2

2η
2
3

η2
3η

2
4

)
,

Ri
0 = µ−2

h λ2

η2
2

and REx
0 = Re

0 ∨ Ri
0 ∨ Rm

0 .

Theorem 3.2 For any solution x(.) =
((sh(.), eh(.), ih(.), sm(.), im(.)) with initial
condition
x(0) = ((sh(0), eh(0), ih(0), sm(0), im(0)) ∈
χ+ holds

lim sup
t→∞

ln(eh(t))
t

<
1
2
(
η2

2 + 2λ+ 2µh

)
×

(Re
0 − 1) a.s.,

lim sup
t→∞

ln(ih(t))
t

< µh

(
Ri

0 − 1
)
a.s.,

lim sup
t→∞

ln(im(t))
t

< µm (Rm
0 − 1) a.s.

Thus if

REx
0 < 1, (24)

hold then x(.) converges exponentially
almost surly to the equilibrium point
(1, 0, 0, 1, 0) with probability one.

To verify theorem 3.2, we first present some
lemmas which will be used later.

Lemma 3.1 [16] Let g = (g1, g2, ..., gm) ∈
L2
(
R+,R1×m

)
, and let T , ϱ and θ be any

positive numbers. Then

P
{

sup
0≤t≤T

[∫ t

0
g(u)dB(u) − ϱ

2

∫ t

0
| g(u) |2 du

]
> θ

}
≤ exp (−ϱθ) .

Lemma 3.2 [17] Let {At}t≥0 and {Ut}t≥0
two increasing continuous processes and
adapted with A0 = U0 = 0 a.s. Let {Mt}t≥0
a local continuous real-valued martingale
with M0 = 0 a.s. Let ξ a non-negative vari-
able and F0 −mesurable. Define

Xt = ξ + At − Ut +Mt, for t ≥ 0.

If Xt is non-negative, then{
lim

t→+∞
At < ∞

}
⊂{

lim
t→+∞

Xt exists and finished
}

∩{
lim

t→+∞
Ut < ∞

}
a.s.,

where, C ⊂ D a.s. means P(C∩Dc) = 0. In
particular, if limt→+∞ At < ∞ a.s., then,
∀ω ∈ Ω, limt→+∞ Xt(ω) exists and finished
and limt→+∞ Ut < ∞.

Proof of theorem 3.2

Step 1 Applying Itô’s formula to the sec-
ond equation of system (11) and then tak-
ing an integration from 0 to t we get

ln(Eh(t)) (25)

=
∫ t

0
β1im(ξ)sh(ξ)e−1

h (ξ)dξ (26)

−
∫ t

0
(λ+ µh + 1

2η
2
2)dξ (27)

−
∫ t

0

1
2η

2
1i

2
m(ξ)s2

h(ξ)e−2
h (ξ)dξ

+ ln(eh(0)) + M1(t) − η2B2(t).(28)

where

M1(t) =
∫ t

0
η1im(ξ)sh(ξ)e−1

h (ξ)dB1(ξ) (29)

is a continuous martingale (see [17]), whose
quadratic variation is given by

⟨M1,M1⟩ (t) =
∫ t

0
η2

1i
2
m(ξ)s2

h(ξ)e−2
h (ξ)d(ξ).

For every integer p ≥ 1, using the exponen-
tial martingale inequality i.e lemma 3.1, we
see that

P
{

sup
0≤t≤p

[
M1 − 1

4 ⟨M1,M1⟩ (t)
]

> 4 ln p
}

≤ 1
p2 .
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An application of the Borel-Cantelli lemma
(see [17]) then yields that for almost all
ω ∈ Ω there exist a random integer p0 =
p(ω) ≥ 1 such that

sup
0≤t≤p

[
M1 − 1

4 ⟨M1,M1⟩ (t)
]

≤ 4 ln p,

if p ≥ p0 .

That is,

M1(t) ≤ 1
4 ⟨M1,M1⟩ (t) + 4 ln p,(30)

for all 0 ≤ t ≤ p, (31)
p ≥ p0 almost surly. (32)

Substituting (32) into (28) deduces that for
all 0 ≤ t ≤ p, p ≥ p0,

ln eh(t)
eh(0) ≤

∫ t

0
β1im(ξ)sh(ξ)e−1

h (ξ)dξ

−
∫ t

0
(λ+ µh + 1

2η
2
2)dξ

−1
4

∫ t

0
η2

1i
2
m(ξ)s2

h(ξ)e−2
h (ξ)dξ

+4 ln p+ M1(t)
−η2B2(t) .a.s.

Set u1(ξ) = im(ξ)sh(ξ)e−1
h (ξ), then

−1
4η

2
1u

2
1(ξ) + β1u1(ξ)

= −1
2η

2
1

(u1(ξ) − 2β1

η2
1

)2

− 4
(
β1

η2
1

)2


≤
(
β1

η1

)2

.

It follows that

ln Eh(t)
eh(0) ≤

[
β2

1
η2

1
− 1

2
(
η2

2 + 2λ+ 2µh

)]
t

−η2B2(t) + 4 ln p .a.s.,
for all 0 ≤ t ≤ p, p ≥ P0 almost surly.
Therefore, for almost all ω ∈ Ω, if p ≥ p0,
p− 1 ≤ t ≤ p,
1
t

lnEh(t) ≤ 1
p− 1

[
β2

1
η2

1
− 1

2
(
η2

2 + 2λ+ 2µh

)]
p

−η2
1
t
B2(t) + 4 ln p

p− 1 + 1
t

ln eh(0)

.a.s.(33)

Letting t −→ ∞, p −→ ∞ and using
the well-known law, the strong law of large
numbers (see [17]) to the Brownian motion
we derive

lim sup
t→∞

B2(t)
t

= 0 a.s. (34)

Letting p → ∞ then

lim sup
p→∞

ln p
p− 1 = 0 .a.s. (35)

Taking the superior limit on both sides of
(33) combining with (34) and (35) we get

lim sup
t→∞

ln(Eh(t))
t

≤ β2
1
η2

1
−

−1
2
(
η2

2 + 2λ+ 2µh

)
= 1

2
(
η2

2 + 2λ+ 2µh

)
×

(Re
0 − 1) a.s.

Step 2 In a similar way, we apply the Itô’s
formula to the fourth equation of system
(11) and then take an integration from 0 to
t, which gives

ln im(t) = ln im(0) + µmt

+
∫ t

0
β3ih(ξ)sm(ξ)i−1

m (ξ)dξ

−
∫ t

0

1
2η

2
3i

2
h(ξ)s2

m(ξ)i−2
m (ξ)dξ

+
∫ t

0
β2eh(ξ)sm(ξ)i−1

m (ξ)dξ

−1
2

∫ t

0
η2

4e
2
h(ξ)s2

m(ξ)i−2
m (ξ)dξ

+M3(t) + M4(t),

where

M3(t) =
∫ t

0
η3ih(ξ)sm(ξ)i−1

m dB3(ξ), (36)

M4(t) =
∫ t

0
η4ehsm(ξ)i−1

m (ξ)dB4(ξ), (37)

where, M3(t) and M4(t) are a continuous
local martingales.
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Set

y3(t) =
∫ t

0
β3ih(ξ)sm(ξ)i−1

m (ξ)dξ

−1
2

∫ t

0
η2

3i
2
h(ξ)s2

m(ξ)i−2
m (ξ)dξ

−µmdξ + M3(t),

y4(t) =
∫ t

0
β2eh(ξ)sm(ξ)i−1

m (ξ)dξ

−1
2

∫ t

0
η2

4e
2
h(ξ)s2

m(ξ)i−2
m (ξ)

)
dξ

+M4(t) + ln im(0).,

Using the same method developed in step
1, we deduce that

lim sup
t→∞

y3(t)
t

≤
(
β3

η3

)2

− µm a.s.(38)

lim sup
t→∞

y4(t)
t

≤
(
β4

η4

)2

a.s. (39)

Consequently,

lim sup
t→∞

ln(im(t))
t

≤
[ (β3

η3

)2

+
(
β4

η4

)2

− µm

]
= µm (Rm

0 − 1) a.s.

Step 3 Using the same calculation tech-
nique in step 1, we end up with

lim sup
t→∞

ih(t)
t

≤
(
λ

η2

)2

− µh a.s. (40)

= µh

(
Ri

0 − 1
)
a.s.(41)

Hence if

REx
0 < 1, (42)

is true, the results of the steps (1-3) lead to
the conclude that eh(t), ih(t) and im(t) will
tend to zero exponentially with probability
one.

Step 4 In this step we need to show that
3.2, we just need to show that

lim
t→∞

(1 − sh(t)) = 0. a.s. (43)

By integrating the two sides of the first
equation of system (11), we get

1 − sh(t) = 1 − sh(0) +
∫ t

0
β1sh(ξ)im(ξ)dξ

−
∫ t

0
µH(1 − sh(ξ))dξ

+
∫ t

0
η1sh(ξ)im(ξ)dB1(ξ).

Since sh(t) < 1, then we get

lim
t→+∞

∫ t

0
β1sh(ξ)im(ξ)dξ < lim

t→+∞

∫ t

0
β1im(ξ)dξ.

Moreover, since im(t) almost surely con-
verges exponentially to 0, then there exists
c1, c2 > 0 such that

im(ξ) < c1 exp(−c2ξ) ∀ξ ≥ 0.

It follows that,

lim
t→+∞

∫ t

0
im(ξ)dξ <

∫ +∞

0
c1 exp(−c2ξ)dξ.(44)

Thus,

lim
t→+∞

∫ t

0
β1sh(ξ)im(ξ)dξ <

β1

∫ +∞

0
c1 exp(−c2ξ)dξ < ∞.

Using the results of the lemma 3.2, we come
to the conclusion

lim
t→+∞

(1 − sh(t)) < ∞ a.s.,

lim
t→+∞

∫ t

0
µh(1 − sh(ξ))dξ < ∞ a.s.

i.e
∫ ∞

0
(1 − sh(s))dξ < ∞ a.s.(45)

Assume that (sh(t))t≥0 does not converge
to one. Then there exists C ⊂ Ω with
P(C) > 0 such as, ∀ω ∈ C,

lim inf
t→∞

(1 − sh(t, ω)) = ϱ(w) > 0.

Thus there exists T = Tω > 0 such that
(1 − sh(t, ω)) = 1

2ϱ(w) > 0, ∀t ≥ T . Hence,
∫ ∞

0
(1 − sh(ξ, ω))dξ =

∫ T

0
(1 − sh(s, ω))dξ

+
∫ ∞

T
(1 − sh(ξ, ω))dξ

>
∫ ∞

T
(1 − sh(ξ, ω))dξ

= ∞.
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This implies that C ⊂ D where, D :={
ω ∈ Ω :

∫ ∞

0
(1 − sh(ξ, ω))dξ = ∞

}
. Yet

inequality (45), P(D) = 0, leads to a con-
tradiction. So, lim

t→∞
(1 − Sh(t)) = 0 a.s. Us-

ing similar reasoning, we show that lim
t→∞

(1−
sm(t)) = 0 a.s. This completes the proof.

3.3 Persistence in mean of fil-
iriasis

Before establishing the persistence results,
we will state a lemma that will be used in
the proofs.

Lemma 3.3 Let (sh(.), eh(.), ih(.), sm(.), im(.))
a solution of (11) with initial conditions
(sh(0), eh(0), ih(0), sm(0), im(0)) ∈ (0; 1)5.
Then

lim
t→+∞

sh(t)
t

= 0, (46)

lim
t→+∞

eh(t)
t

= 0,

lim
t→+∞

ih(t)
t

= 0, (47)

lim
t→+∞

sm(t)
t

= 0,

lim
t→+∞

im(t)
t

= 0. a.s. (48)

Proof. Our approach is inspired by the
works of Yanan Zhao and Daqing Jiang (see
[23]) and Yanli Zhou and Weiguo Zhang
(see [25]).
Let u(t) = sh(t)+eh(t)+ih(t)+sm(t)+im(t).
Define V (u(t)) = (1 + u(t))θ where, θ is a
positive constant.
Applying Itô’s formula to V , we get

dV (u(t)) = θ(1 + u(t))θ−1du

+1
2θ(θ − 1)(1 + u(t))θ−2 ×

(du(t))2.

We have

du(t) = (µh + µm − µhnh(t) − µmnm(t)) dt

where,

nh(t) = sh(t) + eh(t) + ih(t)
and nm(t) = sm(t) + im(t).

We get
(du(t))2 = 0.

So,
dV (u(t)) = θ(1 + u(t))θ−1du
= LV (u(t)) dt.
Where,
LV (u(t)) ≤ θ(1 + u(t))θ−1 ×
[(µh + µm) − µhnh(t)] − µmnm(t).

Set µ1 = max (µh, µm) , µ2 = min (µh, µm) .
The following mark-up is obtained

LV (u(t)) ≤ θ(1 + u(t))θ−1 ×
[2µ1 − µ2nh(t) − µmnm(t)]

≤ θ(1 + u(t))θ−1 ×
[2µ1 − µ2u(t)]

≤ θ(1 + u(t))θ−2 ×
[(1 + u(t))(2µ1 − µ2u(t))]

≤ θ(1 + u(t))θ−2 ×
[2µ1 + (2µ1 − µ2)u(t)]
−µ2u

2(t).

It follows that

dV (u(t)) ≤ θ(1 + u(t))θ−2 × (49)
[2µ1 + (2µ1 − µ2)u(t)] dt
−µ2u

2(t)dt. (50)

For p > 0, we get

d
[
eptV (u(t))

]
(51)

= L
[
eptV (u(t))

]
dt

= peptV (u(t)) dt+ eptdV (u(t)) dt
≤ pept(1 + u(t))θ (52)

+θept(1 + u(t))θ−2 ×
[2µ1 + (2µ1 − µ2)u(t)] dt
−µ2u

2(t)dt
≤ θept(1 + u(t))θ−2 ×[

p

θ
(1 + u(t))2 − µ2u

2(t)
]
dt

+ [(2µ1 − µ2)u(t) + 2µ1] dt
≤ θept(1 + u(t))θ−2 ×[

−
(
µ2 − p

θ

)
u2(t)

]
dt

+(2µ1 − µ2 + 2p
θ

)u(t)dt

+
(

2µ1 + p

θ

)
dt

≤ θeptHdt, (53)
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where,

H := sup
t∈R+

{
(1 + u(t))θ−2

[
−
(
µ2 − p

θ

)
u2(t)

+(2µ1 − µ2 + 2p
θ

)u(t) +
(

2µ1 + p

θ

) ]}
.

Since (sh(.), eh(.), ih(.), sm(.), im(.)) ∈
(0, 1)5, then u(.) ∈ (0, 25).
So, 0 < H < ∞. Passing to the integral
between 0 and t in (53), we get∫ t

0
d
[
epξV (u(ξ)) dξ

}
≤
∫ t

0
θepξHdξ, (54)

eptV (u(t)) ≤ V (u(0)) + θHept

p
− θH

p
.

It can be deduced that

EeptV (u(t)) ≤ V (u(0)) + θHept

p
− θH

p
.(55)

That is to say,

E
[
(1 + u(t))θ

]
≤ (1 + u(0))θ

ept
+ θH

P
(56)

≤ (1 + u(0))θ + θH.

Set C = (1 + u(0))θ + θH.
Then,

E
[
(1 + u(t))θ

]
≤ C. (57)

∀ δ > 0 sufficiently small, p = 1, 2, 3, ..., by
integrating (50) between pδ and t, we get

(1 + u(t))θ ≤ (1 + u(pδ))θ

+
∫ t

pδ
θ(1 + u(ξ))θ−2 ×[

2µ1 + (2µ1 − µ2)u(ξ) − µ2u
2(ξ)

]
dξ.

Taking the upper bound for t between pδ
and (p+ 1)δ, we get

sup
pδ≤t≤(p+1)δ

(1 + u(t))θ ≤ (1 + u(pδ))θ

+ sup
pδ≤t≤(p+1)δ

∣∣∣ ∫ t

pδ
θ(1 + u(ξ))θ−2 ×[

2µ1 + (2µ1 − µ2)u(ξ) − µ2u
2(ξ)

]
dξ
∣∣∣.

Taking the mathematical expectation of
both sides of the latter inequality we get

E

[
sup

pδ≤t≤(p+1)δ
(1 + u(t))θ

]
≤ E

[
(1 + u(pδ))θ

]
+J,

where,

J = E
[

sup
pδ≤t≤(p+1)δ

∣∣∣ ∫ t

pδ
θ(1 + u(ξ))θ−2

[
2µ1 + (2µ1 − µ2)u(ξ) − µ2u

2(ξ)
]
dξ
∣∣∣]

= E
[

sup
pδ≤t≤(p+1)δ

∣∣∣ ∫ t

pδ
θ(1 + u(ξ))θ−2

(1 + u(ξ)) (2µ1 − µ2u(ξ)) dξ
∣∣∣]

= E
[

sup
pδ≤t≤(p+1)δ

∣∣∣ ∫ t

pδ
θ(1 + u(ξ))θ−1

(2µ1 − µ2u(ξ)) dξ
∣∣∣]

= E
[

sup
pδ≤t≤(p+1)δ

∣∣∣ ∫ t

pδ
θ(1 + u(ξ))θ ×

2µ1 − µ2u(ξ)
(1 + u(ξ)) dξ

∣∣∣].

Set : l = θ sup
pδ≤t≤(p+1)δ

∣∣∣∣∣2µ1 − µ2u(ξ)
(1 + u(ξ))

∣∣∣∣∣ . (58)

It follows that

J ≤ lE

[
sup

pδ≤t≤(p+1)δ

∣∣∣∣∫ t

pδ
(1 + u(ξ))θdξ

∣∣∣∣
]

≤ lE

[∫ (p+1)δ

pδ
(1 + u(ξ))θdξ

]

≤ lE

[
δ sup

pδ≤ξ≤(p+1)δ
(1 + u(ξ))θ

]

≤ lδE

[
sup

pδ≤ξ≤(p+1)δ
(1 + u(ξ))θ

]

≤ lδE

[
sup

pδ≤t≤(p+1)δ
(1 + u(t))θ

]
.

As a result

E

[
sup

pδ≤t≤(p+1)δ
(1 + u(t))θ

]
≤ E

[
(1 + u(pδ))θ

]
+lδE

[
sup

pδ≤t≤(p+1)δ
(1 + u(t))θ

]
.

Choose δ > 0 such as lδ ≤ 1
2 , then

E

[
sup

pδ≤t≤(p+1)δ
(1 + u(t))θ

]
≤

2E
[
(1 + u(pδ))θ

]
.
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By using (57), we get

E

[
sup

pδ≤t≤(p+1)δ
(1 + u(t))θ

]
≤ 2C. (59)

Let ϵu an arbitrarily chosen positive con-
stant. Applying Markov’s inequality, we get

P

{
sup

pδ≤t≤(p+1)δ
(1 + u(t))θ > (pδ)1+ϵu

}

≤
E
[
suppδ≤t≤(p+1)δ (1 + u(t))θ

]
(pδ)1+ϵu

(60)

≤ 2C
(pδ)1+ϵu

. (61)

Let Up = { sup
pδ≤t≤(p+1)δ

(1 + u(t))θ >

(pδ)1+ϵu} then
∞∑

p=1
P (Up) <

∞∑
p=1

2C
(pδ)1+ϵu

.

Since 1 + ϵu > 1 then
∞∑

p=1

2C
(pδ)1+ϵu

< ∞ the

Borel-Cantelli lemma (see [17]) yields that
for almost all ω ∈ Ω

suppδ≤t≤(p+1)δ (1 + u(t))θ ≤ (pδ)1+ϵu ,

p = 1, 2, 3, ... (62)

Since this inequality holds for all p, then
there exists a positive inter p0 = p0(ω) for
almost all ω ∈ Ω such that (62) remains
true, ∀p ≥ p0. Therefore, for almost all
ω ∈ Ω, if p ≥ p0 and pδ ≤ t ≤ (p+ 1)δ,

ln (1 + u(t))θ

ln t ≤ (1 + ϵu) ln (pδ)
ln (pδ)

= 1 + ϵu.

So,

lim sup
t→∞

ln (1 + u(t))θ

ln t ≤ 1 + ϵu, a.s. (63)

Let’s make ϵu −→ 0, we get

lim sup
t→∞

ln (1 + u(t))θ

ln t ≤ 1, a.s.

For θ > 1, we get

lim sup
t→∞

ln (u(t))
ln t ≤ lim sup

t→∞

ln (1 + u(t))
ln t

≤ 1
θ
, a.s.

That is to say, for 0 < γ < 1 − 1
θ

, there
exists a constant T = T (ω) such as, ∀t ≥ T

ln (1 + u(t)) ≤
(1
θ

+ γ
)

ln t. (64)

That is to say, for 0 < γ < 1 − 1
θ

, there ex-
ists a constant T = T (ω) and a set Ωγ such
as P (Ωγ) ≥ 1 − γ and, ∀t ≥ T , ω ∈ Ωγ,

ln (u(t)) ≤
(1
θ

+ γ
)

ln t. (65)

As a result

lim sup
t→∞

u(t)
t

≤ lim sup
t→∞

t
1
θ

+γ

t
= 0. (66)

This leads to

lim
t→∞

u(t)
t

=

lim
t→∞

sh(t) + eh(t) + ih(t) + sm(t) + im(t)
t

= 0.
a.s.,

thanks to the positivity of sh, eh, ih, sm and
im. So, we get

lim
t→∞

sh(t)
t

= lim
t→∞

eh(t)
t

= lim
t→∞

ih(t)
t

=

lim
t→∞

sm(t)
t

= lim
t→∞

im(t)
t

= 0 a.s.

This completes the proof.

Lemma 3.4 Let
(sh(.), eh(.), ih(.), sm(.), im(.)) a solution of
system (11) with initial conditions
(sh(0), eh(0), ih(0), sm(0), im(0)) ∈ (0; 1)5.
Then

lim
t→∞

1
t

∫ t

0
im(ξ)sh(ξ)e−1

h (ξ)dB1(ξ) = 0 a.s.,

lim
t→∞

1
t

∫ t

0
eh(ξ)i−1

h (ξ)dB(ξ) = 0 .a.s.

Proof. Let

M1(t) =
∫ t

0
im(ξ)sh(ξ)e−1

h (ξ)dB1(ξ),

M2(t) =
∫ t

0
eh(ξ)i−1

h (ξ)dB(ξ).
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As the maps ih, sh and im are continuous,
then by using the Weierstrass theorem, we
get

sup
0≤ξ≤t

{im(ξ)sh(ξ)e−1
h (ξ)} = C1 < ∞.

Thus

⟨M1(t),M1(t)⟩ < C1t. a.s. and

lim sup
t→∞

⟨M1(t),M1(t)⟩
t

< C1. a.s.

By the strong law of large numbers for local
martingales, we conclude that

lim
t→∞

M1(t)
t

= 0. a.s. (67)

In the same way we get

lim
t→∞

M2(t)
t

= 0. a.s. (68)

Hence the lemma has been established.

Lemma 3.5 Let f ∈ C ([0; ∞) × Ω, (0,∞)).
If there are positive constants λ0, λ and T
such that

ln f(t) ≥ λt− λ0

∫ t

0
f(ξ)dξ + F (t), (69)

∀t ≥ T with F ∈ C ([0; ∞) × Ω,R),

lim
t→∞

F (t)
t

= ℓ a.s. and λ+ ℓ > 0. Then

lim inf
t→∞

1
t

∫ t

0
f(ξ)dξ ≥ λ+ ℓ

λ0
a.s.

Proof
Our approach is inspired by the work of
Zhaoa, Daqing Jiang and Donal O’Reganc
(see [24]) and Liu Huaping and Ma Zhien
(see[13]) .

Note that lim
t→∞

F (t)
t

= ℓ a.s. then for ar-
bitrary 0 < ϵ < λ + ℓ there exists a T0 =
T0(ω) > 0 and a set Ωr such that P (Ωr) > 0

and
∣∣∣∣∣F (t)
t

− ℓ

∣∣∣∣∣ ≤ ϵ for all t ≥ T0, ω ∈ Ωϵ.

Let T = T ∨ T0 and ψ(t) =
∫ t

0
f(ζ)dζ for

t ≥ T , ω ∈ Ωr.
Since f ∈ C ([0,∞) × Ω, (0,∞)), then ψ is
differentiable on [T ,∞) a.s. and

dψ(t) = f(t) > 0 for t ≥ T , ω ∈ Ωr.

Substituting dψ(t)
dt

and ψ(t) into (69), we
have

ln
(
dψ(t)
dt

)
≥ λt− λ0ψ(t) + F (t)

≥ (λ− ϵ+ ℓ)t− λ0ψ(t),
for t ≥ T , ω ∈ Ωr.

So

exp (λ0ψ(t)) dψ(t)
dt

≥ exp (λ− ϵ+ ℓ) t,

for t ≥ T , ω ∈ Ωr.

Integrating this inequality from T to t re-
sults in

λ−1
0

[
exp(λ0ψ(t)) − exp(λ0ψ(T ))

]
≥[

exp((λ+ ℓ− ϵ)t) − exp((λ+ ℓ− ϵ)T )
]
.

This inequality can be rewritten into

exp(λ0ψ(t)) ≥
λ0(λ+ ℓ− ϵ)−1 ×[
exp((λ+ ℓ− ϵ)t) − exp((λ+ ℓ− ϵ)T )

]
+ exp(λ0ψ(T ).

Taking the logarithm of both sides yields

ψ(t) ≥ λ−1
0 ln

[
λ0(λ+ ℓ− ϵ)−1 ×

exp((λ+ ℓ− ϵ)t) + λT

]
,

where,

λT = exp(λ0ψ(T ))
−λ0(λ+ ℓ− ϵ)−1 exp((λ+ ℓ− ϵ)T )

or ∫ t

0
f(ζ)dζ ≥ λ−1

0 ln
[
λ0(λ+ ℓ− ϵ)−1 ×

exp((λ+ ℓ− ϵ)t) + λT

]
, for t ≥ T , ω ∈ Ωr.

Dividing both sides by t ≥ T > 0 gives

t−1
∫ t

0
f(ζ)dζ ≥ λ−1

0 t−1 ln
[
λ0(λ+ ℓ− ϵ)−1 ×

exp((λ+ ℓ− ϵ)t) + λT

]
, for t ≥ T , ω ∈ Ωr.
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Taking the limit inferior of both sides and
applying L’Hospital’s rule on the right-
hand side of this inequality, we obtain

lim inf
t→∞

t−1
∫ t

0
f(ζ)dζ ≥ λ+ ℓ− ϵ

λ0
for ω ∈ Ωr.

Letting ϵ → 0 yields

lim inf
t→∞

t−1
∫ t

0
f(ζ)dζ ≥ λ+ ℓ

λ0
for a.s. (70)

This finishes the proof of the lemma.

We now turn to the study of the persis-
tence in mean of system (11). To this end,
we present a definition of persistence in
mean that can be found in [7, 24]. For
future needs, define the following thresh-
old parameter (this threshold parameter is
derived from the proof of the theorem 3.3
please see (80)),

Rs
0 = β−1

1

(
λ+ µh + 1

2(η2
2 + ϵη2

1)
)

and formulate the following hypotheses

(H1) there exist ϵ > 0 such as
| sh(t)im(t)e−1

h |≤ ϵ,

(H2) im(ξ)e−1
h (ξ) ≥ 1,

(H3) Rs
0 < 1.

Theorem 3.3 Let
(sh(.), eh(.), ih(.), sm(.), im(.)) a solution of
system (11) with the initial conditions
(sh(0), eh(0), ih(0), sm(0), im(0)) ∈ (0; 1)5.
If the assumptions (H1) − (H3) are verified
then

lim inf
t−→∞

⟨eh(t)⟩ > 0 a.s.,
lim inf
t−→∞

⟨ih(t)⟩ > 0 a.s.

Proof
Applying the integral between 0 to t the two
sides of the three first equations of system

(11) we get

sh(t) − sh(0)
t

= µh − β1 ⟨im(t)sh(t)⟩

−η1

t

∫ t

0
im(ξ)sh(ξ)dB1(ξ)

−µh ⟨sh(t)⟩ ,
eh(t) − eh(0)

t
= β1 ⟨im(t)sh(t)⟩

−(λ+ µh) ⟨eh(t)⟩ (71)

+η1

t

∫ t

0
im(ξ)sh(ξ)dB1(ξ)

−η2

t

∫ t

0
eh(ξ)dB2(ξ),

ih(t) − ih(0)
t

= λ ⟨eh(t)⟩ − µh ⟨ih(t)⟩ (72)

+η2

t

∫ t

0
eh(ξ)dB2(ξ), (73)

Thus
sh(t) − sh(0)

t
+ eh(t) − eh(0)

t
+

+ih(t) − ih(0)
t

= µh − µh ⟨sh(t)⟩

−µh ⟨eh(t)⟩ − µh (⟨ih(t)⟩)

Which yields

⟨sh(t)⟩ = 1 − ⟨eh(t)⟩ − ⟨ih(t)⟩ + ϕ(t), (74)

where

ϕ(t) = − 1
µh

[sh(t) − sh(0)
t

+

eh(t) − eh(0)
t

+ ih(t) − ih(0)
t

]
.

Using lemma (3.3), we get

lim
t−→∞

ϕ(t) = 0 a.s. (75)

By applying the Itô’s formula to system
(11) leads to

d ln (eh(t)) = 1
eh(t)deh − 1

2
1

e2
h(t)(deh)2

= β1im(t)sh(t)e−1
h (t)dt[

−(λ+ µh) − 1
2η

2
2

]
dt

−1
2η

2
1i

2
m(t)s2

h(t)e−2
h (t)dt

+η1im(t)sh(t)e−1
h (t)dB1(t)

−η2dB2(t).
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Passing to integral from 0 to t, it follow that

t−1 (ln eh(t) − ln eh(0)) =
β1
〈
im(t)sh(t)e−1

h (t)
〉

−1
2η

2
1

〈
i2m(t)s2

h(t)e−2
h (t)

〉
− η2

t
B2(t)

+η1

t

∫ t

0
im(ξ)sh(ξ)e−1

h (ξ)dB1(ξ)

−(λ+ µh + 1
2η

2
2).

If (H1) and (H2) are hold, then we obtain

t−1 (ln eh(t) − ln eh(0)) ≥

β1 ⟨sh(t)⟩ − 1
2ϵη

2
1

−η2

t
B2(t) − (λ+ µh + 1

2η
2
2)

+η1

t

∫ t

0
im(ξ)sh(ξ)e−1

h (ξ)dB1(ξ).

Replacing ⟨sh(t)⟩ inside , gives

t−1 (ln eh(t) − ln eh(0)) ≥
β1 − β1 ⟨eh(t)⟩ − β1 ⟨ih(t)⟩

−1
2ϵη

2
1 − η2

t
B2(t)

+η1

t

∫ t

0
im(ξ)sh(ξ)e−1

h (ξ)dB1(ξ)

−(λ+ µh + 1
2η

2
2).

From (73) we have

⟨Ih(t)⟩ = λ

µh

⟨Eh(t)⟩ + 1
µh

[1
t

∫ t

0
eh(ξ)dB2(ξ)

−Ih(t) − ih(0)
t

]
.

Using (74) we get

t−1 (ln eh(t) − ln eh(0))

≥ β1 −
(
λ+ µh + 1

2η
2
2

)
−β1

(
1 + λ

µh

)
⟨eh(t)⟩ − β1ϕ(t)

−η2

t
B2(t) − β1

µh

(1
t

∫ t

0
eh(ξ)dB2(ξ)

)
−1

2ϵη
2
1 + η1

t

∫ t

0
im(ξ)sh(ξ)e−1

h (ξ)dB1(ξ)

+β1

µh

(
Ih(t) − ih(0)

t

)
.

It follow that

ln eh(t) ≥
[
β1 −

(
λ+ µh + 1

2η
2
2

)]
t

−β1

(
1 + λ

µh

)∫ t

0
eh(ξ)dξ

+F (t).

where,

F (t) = ln eh(0) − 1
2ϵη

2
1t

+β1tϕ(t) − η2B2(t);

+η1

∫ t

0
im(ξ)sh(ξ)e−1

h (ξ)dB1(ξ)

−β1

µh

[ ∫ t

0
eh(ξ)dB2(ξ)

]
+β1

µh

(Ih(t) − ih(0)) .

Clearly

lim
t→∞

ih(t) − ih(0)
t

= 0 a.s. and (76)

lim
t→∞

ln(eh(0)
t

= 0 a.s. (77)

Addition, in view of the strong law of large
numbers (see [16]) to the Brownien motion,
we derive

lim
t→∞

B2(t)
t

= 0 a.s. (78)

Following the well-know law, the local mar-
tingales of large number theorem, we obtain

lim
t→∞

1
t

∫ t

0
im(ξ)sh(ξ)e−1

h (ξ)dB1(ξ) = 0 a.s.

lim
t→∞

1
t

∫ t

0
eh(ξ)dB2(ξ) = 0 a.s.

So,

lim
t→∞

F (t)
t

= −1
2ϵη

2
1 a.s. (79)

Using the result of the lemma 3.5 we get

lim inf
t→∞

1
t

∫ t

0
eh(ξ)dξ

≥

[
β1 −

(
λ+ µh + 1

2(η2
2 + ϵη2

1)
)]

β1

(
1 + λ

µh

)

= µh

1 + λ

[
1 − β−1

1

(
λ+ µh + 1

2(η2
2 + ϵη2

1)
)]

= µh

1 + λ
(1 − Rs

0) a.s. (80)
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If (H3) is hold, then we get

lim inf
t→∞

1
t

∫ t

0
eh(ξ)dξ > 0 a.s. (81)

Next, from we can obtain

lim inf
t→∞

⟨ih(t)⟩ = λ

µh

lim inf
t→∞

⟨eh(t)⟩ a.s.

> 0 a.s.

This completes the proof.

4 Numerical simulations
In the current section, we perform numer-
ical simulations of the model (8). We use
the MATLAB software and the technique
developed in [11]. The values of the param-
eters taken to verify the extinction result in
the deterministic model are recorded in ta-
ble 4. By a simple calculation we verify that
the basic reproduction number R0 < 1. Ac-
cording to the theorem 2.2 the Lymphatic
filariasis will disappears. The theorem is
therefore highlighted in Figure 2.
In the stochastic model, to verify the ex-
tinction result, we keep the same values of
the indicated parameters in table 4. The
values of the white noise intensities used are
as follows

η1 = 0.3, η2 = 0.125,
η3 = 0.225, η4 = 0.225.

(see [9] for the data).

By a simple calculation we obtain Ri
0 =

0.01, Rm
0 = 0.0013, Re

0 = 5.16.10−4 and
REx

0 = 0.01. According to the theorem
3.2 the disease will extinct. Figure 2 shows
that the numerical simulations enhance this
theorem.

Similarly, the parameter values chosen to
the persistence are also recorded in table
4. For the choice of the values of the white
noise intensities we rely on the data used
in [9]. We suppose that

η1 = 0.03, η2 = 0.025,
η3 = 0.0225, η4 = 0.025.

We can simply be shown by a calculation
that Rs

0 = 0.68 < 1. Theorem 3.3 implies
that model (11) is persistent in mean which
is supported by the figure 4.
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Figure 2: Plots showing the transmission dynamics of filariasis in the deterministic case when
R0 = 0.068.

Figure 3: Graphs showing the transmission dynamics of filariasis for
REx

0 = 0.01.
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Figure 4: Graphs showing the transmission dynamics of filariasis for
Rs

0 = 0.68.

5 Numerical example
and remarks

Let’s judiciously choose values for the pa-
rameters, Λh, Λm, βh, βm, µh, µm, θh and λ

for which, the deterministic model is in ex-
tinction yet there is persistence in the mean
for the stochastic model.
Consider the following table containing
data when Lymphatic Filariosis is spread-
ing:

Parameters Λh Λm βh βm µh µm θh λ ϵ

Values 0.00242.104 4.227.104 0.015 0.91 0.8 3.623 0.25 0.01 0.00001

Thresholds R0 Rs
0

Values 0.068 0.89

We can notice that R0 is less than one
thus according to the theorem 2.2 the equi-
librium point E0 of system (1) is globally
asymptotically stable that is to say that
the Lymphatic Filariosis stops spreading.
However Rs

0 being less than one shows that

Lymphatic Filariosis persists in the mean
according to the theorem 3.3 under the as-
sumptions (H)1 − (H)3. Hence the impor-
tance to take the randomness aspect into
account in the modelling of the spread of
Lymphatic Filariosis.
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6 Conclusion
In this paper, we focused on the compara-
tive mathematical analysis of a determin-
istic and a stochastic epidemic model of
Lymphatic filariasis lymphatic. First, we
built a deterministic model of lymphatic fi-
lariasis. We showed the local stability of
the disease-free equilibrium point by the
Routh Hurtwiz criterion and then showed
the global stability of this point by using
the theorem of Varga and standard com-
parison theorem of Laksmikantham et al.
Then we developed a stochastic model by
adding white noises at the contact rates.
This addition is done in order to take into
account the fluctuations in the transmission
of filariasis lymphatic. We have shown the
existence and uniqueness of a positive so-
lution using a Lyapunov function and the
Itô’s formula. To analyse the extinction of

filariasis lymphatic, we established the al-
most certain convergence of the solution to
disease-free equilibrium point when R0 is
less than one, by successively constructing
a Lyapunov function and applying the Itô’s
formula. We have also, established a per-
sistence condition in mean of the stochastic
differential system by constructing an ap-
propriate Lyapunov function followed by an
application of the Itô’s formula and by us-
ing many other methods of stochastic anal-
ysis. In the last section we performed sim-
ulations to evaluate our results and then
compared the two models. However, chal-
lenges remain in this work. We intend to
conceive and analyse a discrete stochastic
model of filariasis lymphatic. We also wish
to analyse the transmission dynamics of
other vector-borne diseases such as yellow
fever and Zika.

References
[1] S. Babu , T.B. Nutman, Immunology

of lymphatic filariasis, Parasite im-
munology 36(8) (2014) 338-346.

[2] C. Bhunu, S. Mushayabasa, Transmis-
sion dynamics of lymphatic filariasis: a
mathematical approach, International
Scholarly Research Notices (2012).

[3] G. Birkhoff, G. Rota, Ordinary differ-
ential equation, Ginn, Boston (1982).

[4] J. Carr, Applications of centre mani-
fold theory, vol. 35, Springer Science
& Business Media (2012).

[5] C. Castillo-Chavez, B. Song, Dy-
namical models of tuberculosis and
their applications, Mathematical Bio-
sciences & Engineering 1(2) (2004)
361.

[6] M.S. Chan, A. Srividya, R. Norman, S.
Pani, K.D. Ramaiah, P. Vanamail, E.
Michael, P.K. Das, D.A. Bundy, Epi-
fil: a dynamic model of infection and
disease in lymphatic filariasis, Ameri-
can Journal of Tropical Medicine and
Hygiene 59(4) (1998) 606-614.

[7] C. Chen, Y. Kang, Dynamics of a
stochastic sis epidemic model with sat-
urated incidence. In: Abstract and
Applied Analysis, vol. 2014, Hindawi
(2014).

[8] N. Dalal, D. Greenhalgh, X. Mao,
A stochastic model for internal HIV
dynamics, Journal of Mathemati-
cal Analysis and Applications 341(2)
(2008) 1084-1101.

[9] A. Din, T. Khan, Y. Li, H. Tahir,
A. Khan, W.A. Khan, Mathemati-
cal analysis of dengue stochastic epi-
demic model, Results in Physics 20
(2021)103719.

[10] P. Van den Driessche, J. Wat-
mough, Reproduction numbers and
subthreshold endemic equilibria
for compartmental models of dis-
ease transmission, Mathematical
biosciences 180(12) (2002) 29-48.

[11] D.J Higham, An algorithmic intro-
duction to numerical simulation of
stochastic differential equations, SIAM
review 43(3), (2001) 525-546 .

Page 70 to 71



F.V. Konané and R. Sawadogo/RAMReS Sciences des Structures et de la Matière Vol. 7, n◦ 1 (2023) 48-71

[12] W.M. Hirsch, H. Hanisch, J.P. Gabriel,
Differential equation models of some
parasitic infections: methods for the
study of asymptotic behavior, Com-
munications on Pure and Applied
Mathematics 38(6) (1985) 733-753.

[13] L. Huaping, M. Zhien, The threshold
of survival for system of two species
in a polluted environment, Journal of
Mathematical Biology 30(1) (1991) 49-
61.

[14] V. Lakshmikantham, S. Leela, A.A.
Martynyuk, Stability analysis of non-
linear systems, Springer (1989).

[15] J. LaSalle, The stability of dynami-
cal systems (siam, philadelphia, penn,
usa) (1976).

[16] X. Mao, Stochastic differential equa-
tions and their applications, horwood
publ. House, Chichester (1997).

[17] X. Mao, Stochastic differential equa-
tions and applications, Elsevier (2007).

[18] X. Mao, G. Marion, E. Renshaw, En-
vironmental brownian noise suppresses
explosions in population dynamics,
Stochastic Processes and their Appli-
cations 97(1) (2002) 95-110.

[19] R. Norman, M.S. Chan, A. Srividya, S.
Pani, K.D. Ramaiah, P. Vanamail, E.
Michael, P.K. Das, D.A. Bundy, Epi-
fil: the development of an agestruc-
tured model for describing the trans-
mission dynamics and control of lym-

phatic filariasis. Epidemiology & Infec-
tion 124(3) (2000) 529 − 541.

[20] A.P. Plaisier, S. Subramanian, P.K.
Das, W. Souza, T. Lapa, A.F. Furtado,
C.P. Van der Ploeg, J.D. Habbema,
G.J. Van Oortmarssen, The lymfasim
simulation program for modeling lym-
phatic filariasis and its control. Meth-
ods of information in medicine 37(01)
(1998) 97-108.

[21] S. Swaminathan, P.P. Subash, R. Ren-
gachari, K. Kaliannagounder, D.K.
Pradeep, Mathematical models for
lymphatic filariasis transmission and
control: challenges and prospects, Par-
asites & vectors 1 (2008) 1-9.

[22] R.S. Varga, Matrix iterative analysis,
prentice hall, englewood cliffs. New
Jersey (1962).

[23] Y. Zhao, D. Jiang, The threshold of
a stochastic sis epidemic model with
vaccination, Applied Mathematics and
Computation 243 (2014) 718-727.

[24] Y. Zhao, D. Jiang, D. O’Regan,
The extinction and persistence of the
stochastic sis epidemic model with vac-
cination, Physica A: Statistical Me-
chanics and Its Applications 392(20)
(2013) 4916-4927.

[25] Y. Zhou, W. Zhang, Threshold of a
stochastic sir epidemic model with lévy
jumps, Physica A: Statistical Mechan-
ics and Its Applications 446 (2016)
204-216.

Page 71 to 71


